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didi pativiscemiT da siyvaruliT, minda udidesi madliereba 

gamovxato Cemi maswavleblis da megobris mimarT, romelic 

Tavisi sicocxlis bolo wuTebamde gverdiT medga da mexmarebo-

da metad aqtualuri Temis SesrulebaSi.  
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რეზიუმე 

saqarTveloSi ekonomikur aRmavlobasTan erTad eleqtroenergiis 
gamomuSaveba da moxmareba izrdeba. eleqtroenergiaze mzard 
moTxovnilebas Tan sdevs energosistemaSi avariuli situaciebis 
Seqmna da energoqselSi CarTuli generatorebis asinqronuli 
reJimebis arseboba, miuxedavad maTi Tavidan acilebis uamravi 
mcdelobisa. 

 

sadisertacio naSromis mizania, SeviswavloT energosistemaSi 
arsebuli problemebi. avtomaturi marTvis TvalsazrisiT ener-
getikuli sistema warmoadgens rTul sistemas, romlis ZiriTad 
Semadgenel nawilebs warmoadgenen: sinqronuli da asinqronuli 
generatorebi, eleqtruli wredi da datvirTva. avtomatizaciis 
swori mimarTulebiT warmarTvisTvis aucilebelia movaxdinoT 
energosistemis TiToeuli Semadgeneli nawilis analizi. 
  
naSromSi Seswavlili maqvs energosistemaSi mimdinare gar-
damavali procesebi, kerZod ki, gaanalizebuli maqvs energosis-
temis ZiriTadi elementebis maTematikuri modelebi, Sedgenili 
maqvs gantolebebi sinqronuli da asinqronuli manqanebis reJime-
bisTvis da dadgenili maqvs mTliani energosistemis maTematikuri 
modeli. gavaanalize mTliani maTematikuri modeli da misi 
Taviseburebani. Seswavlili maqvs eleqtromagnituri procesebis 
gamokvlevis sxvadasxva meTodika, rogorebicaa Jdanovis da 
poziciuri modeli. dadgenili maqvs, rom Tu mravalsixSirul 
denebsa da Zabvebs SevcvliT erTsixSiruliT, davalT gamartive-
bul maTematikur modelamde da miviRebT energetikuli balansis 
gantolebas.  

 
naSromSi Seswavlis sagans warmoadgens sxvadasxva saxis ener-
getikuli sistemis, kerZod erTgeneratoriani, orgeneratoriani 
da samgeneratoriani, anu mravalgeneratoriani sistemebis stati-
kuri da dinamikuri mdgradoba, risTvisac gamoyenebuli maqvs en-
ergosistemis mdgradobis liapunovis veqtoruli funqciis meTo-
di. 

 
didi yuradReba davuTme energosistemebSi bifurkaciis movlenis 
arsebobas. gamoviyene hopfis bifurkaciis cneba da mis safuZ-
velze gavaanalize erTgeneratoriani, orgeneratoriani da sam-
generatoriani energosistemebis mdgradoba. bifurkaciuli mov-
lenis aRwera Seicavs cnebebs gansakuTrebuli amonaxsnebisa da 
maTi mdgradobis Sesaxeb. gansakuTrebuli wertilis mdradobis 
qveS vgulisxmob mdgradobas liapunovis mixedviT. naSromSi gan-
vixile energosistemis struqturuli mdgradoba, romelic war-
moadgens bifurkaciuli analizis kvlevis sagans. 
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gaanalizebuli da dadgenili maqvs diskretuli dinamikuri sis-
temis marTvis parametris mixedviT energosistemis mdgradobis 
areebi.  

 
energosistemis mdgradobis gamokvlevisas yuradReba gavamaxvile 
qaosis arsebobaze. qaosi aris damyarebul reJimSi sistemis 
araCveulebrivi qceva. naSromSi gamokvleuli maqvs energosis-
temis qaosuri moZraoba sxvadasxva raodenobis generatorebis-
Tvis. SerCeuli koeficientebisa da parametrebis safuZvelze ga-
vakeTe energosistemis modelireba kompiuteruli programis _  
MATLAB saSualebiT da miviRe grafikuli Sedegebi, ris safuZ-
velzec SeiZleba ganvsazRvroT energosistemis qceva parametre-
bis cvlilebisas. garda amisa Visual Basic-is saSualebiT dawerili 
maqvs programa energosistemis mdgradobis sazRvrebis dadgen-
isTvis. 

 
naSromSi mniSvnelovani adgili davuTme sinqronizacias, ro-
melic niSnavs ori an ramodenime procesis qcevis Tavsebadobas 
droSi. sinqronizaciis parametrebis dadgena daexmareba ener-
gosistemaSi momuSave momsaxure personals avariasawinaaRmdego 
parametrebis SerCevaSi. 

 
kompiuteruli modelirebis Sedegad grafikuli saxiT miRebuli 
maqvs generatorebis sinqronuli muSaobis sasurveli areebi da 
resinqronizaciis parametrebi.                  
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Abstract 

Demands for electric energy in Georgia is growing with the growth of economic rate. 
Generation and consumption of electricity is followed by the break-downs in power 
grids and asynchronous work of the generators switched in the power nets. Though 
much is done to avoid such regime. 
 
The aim of the present dissertation is to study problems in power grids. 

 
Power grids is a complex system from the point of view of automatic control, which 
consists of the following main parts: synchronic and a synchronic generator, main net 
and loading. If we want to make the right automatization of the power grids, it’s nec-
essary to analyse each component. 

 
The present thesis shows transitional processes in power grids, privately the analysis 
of mathematical models of the main elements in the power grids. I have composed 
equations for the working regimes of synchronic and a synchronic machines and 
stated mathematical model of the whole power grids. I’ve analysed the whole mathe-
matical model and studied its peculiarities. 

 
I have studied different reseach methods of electromagnetic processes, privately 
3hdanov’s and positive models. 

 
I have stated that if we change multi – friquency currents and strains with one-
friquency ones, we will come to simplified mathematical model and I have abtained 
equation of power balance. 

 
The subject of the thesis is to study statical and dynamic stability of different power 
systems, privately stability of one-generator, two-generator, three-generator or multi-
generator systems. for this Liapunov’s vectorial functional method is used for the sta-
bility of power systems. I have paid much attention to existence of bifurcation phe-
nomenon in power grids.  

 
I have used Hopf’s bifurcation and on its basis I have analised stability of one-
generator, two-generator and three-generator power grids. Description of bifurcation 
phenomenon contains concepts about special determination and their stability. Under 
the stability of special point I mean the stability by Liapunov’s. In the thesis I have 
discussed structural stability of power grids which represents subject of bifurcation 
analyses. 

 
I have analysed and stated stability spheres of power grids according controlling pa-
rameter of discrative dynamic systems. 

 
While researching stability of power grids I paid attention to the existence of chaos. 

 
Chaos is an unusual behavior of the system in established regime. In the thesis I have 
researched chaotic movement of power grids for the generators of different quantity. 
On the basis of selected coefficients and parameters I have modelled power grids by 
means of MATLAB and got graphical results. 
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On its basis  we can determine behaviour of power grids while changing parameters. 

 
Analysing power grids important role is paid to the synchronization, which means 
compatibility of behaviour of two or three processes at time.  

 
Establishment of synchronization parameters will help the staff of power grids, to se-
lect anti breakdown parameters.  

 
After computer modeling I have obtained the desired spheres of generator synchronic 
work in graphic. 

 
In this thesis I have used not only abovementioned computer system, but also written 
the programme for the stating stability borders of power grids by means of Visual   
Basic. 
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Sesavali 

 

Tanamedrove ekonomikuri zrdis tempis daCqarebis erT-erTi 

ZiriTadi safuZveli aris energetika. samecniero-teqnikur prog- 

ress, warmoebis intensifikacias, teqnikuri donis da Sromis na-

yofierebis amaRlebas Sedegad moaqvs adamianebis sayofacxovrebo 

pirobebis gaumjobeseba da warmoebis Tanamedrove aRWurvilobi-

Ta da sayofacxovrebo teqnikiT uzrunvelyofa, raSic ganmsaz-  

Rvreli roli ukavia Tanamedrove energosistemas.     

Tanamedrove energetikuli sistemebi ganekuTvnebian rTuli 

sistemebis kategorias. energosistemebis swraf ganviTarebasTan 

da avtomatizaciis donis amaRlebasTan erTad maTi sirTule 

ufro da ufro izrdeba. 

rTuli sistemebis qveS SeiZleba vigulisxmoT iseTi 

sistemebi, romelTac aqvT sakmaod Rrma Siga kavSirebi da Sedge-

bian didi raodenobis urTierTdakavSirebuli da urTierTqmedi 

elementebisgan. 

amgvarad, energetikuli sistema warmoadgens rTul siste-

mas, romlis ZiriTadi Semadgeneli nawilebia:  

1.  sinqronuli da asinqronuli manqanebi (generatorebi);  

2. eleqtruli wredi, romelSic xdeba generatorebidan 

sxvadasxva saxis eleqtruli signalebis gadacema; 

3.  datvirTva.  

winamdebare naSromSi ganvixilavT energosistemebSi mimdi-

nare gardamaval procesebs, imisaTvis rom warmodgena Segveqmnas 

energosistemis muSaobis Sesaxeb. Tavdapirvelad vagebT da viye-

nebT mis maTematikur modelebs. 

dResdReobiT, rTuli energosistemis funqcionirebisa da 

marTvis analizisaTvis ZiriTad formirebul saSualebad 

iTvleba energosistemebis maTematikuri modelireba Tanamedrove 

gamoTvliTi teqnikis gamoyenebiT. energosistemis Semadgeneli 

nawilebis maTematikuri modelebis urTierTkavSiri, romlebic 

adeqvaturad asaxaven sxvadasxva ierarqiul doneze gamosakvlev 
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procesebs, warmoadgenen specifikidan gamomdinare, Sesaswavli 

procesebis xasiaTis gaTvaliswinebiT, gadasWreli amocanebis 

Taviseburebebs. 

cnobilia, rom mdgrad sistemebs aqvT ori mdgeneli: 

1. gardamavali procesi; 

2. damyarebuli mdgomareoba. 

damyarebul mdgomareobaSi, roca sistemebSi dasrulebulia 

yvela gardamavali procesi, sistema warmoadgens an konstantas, 

an raime periferiul amonaxsns. [1]. 

sistemas ewodeba dinamikuri, Tu masSi procesebi mimdinare-

obs droSi. 

dinamikur sistemebSi damyarebuli mdgomareoba niSnavs 

asimptotur mdgomareobas, roca t  ∞, damyarebuli reJimi 

aucileblad unda xasiaTdebodes Sesabamisi funqciis SezRudu-

li mniSvnelobebiT. diferencialuri gantolebebis sistemis 

amonaxsnebsa da mis damyarebul mdgomareobas Soris sxvaobas 

gardamavali procesi ewodeba.  

cnobilia, rom sistemis arawrfivobisas arsebobs parame-

trebis farTo diapazoni, romelSic sistemis moZraoba damya-

rebul reJimSi aris SezRuduli, magram ara perioduli. rxevebi 

iReben SemTxveviT xasiaTs da xasiaTdebian ara diskretuli, 

rogorc periodulis dros, aramed farTo, uwyveti speqtriT. amis 

garda, sistemis moZraobis xasiaTi imdenad mgrZnobiarea sawyisi 

pirobebis variaciaze damokidebulebiT, rom  SeuZlebelia zusti 

amonaxsnebis grZelvadiani prognozireba. aseTi maRali mgrZnobi-

aroba sawyisi pirobebis variaciaze damokidebulebiT damaxasia-

Tebelia qaosuri sistemisaTvis, romelic warmoadgens determini-

rebul sistemas da mis moqmedebas aqvs SemTxveviTi saxe [2,3]. 

energosistemis gamokvlevaSi mniSvnelovani roli aqvs bi-

furkaciis movlenas.  

 bifurkacia aris gadasvlebi, romlebic SeiZleba moxdes 

dinamikuri qcevidan sxvadasxva saxeebs Soris parametrebis cvli-

lebisas. 
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bifurkaciuli movlenis aRwera Seicavs cnebebs gansaku-

Trebul amonaxsnebisa da maTi mdgradobis Sesaxeb. bifurkaciis 

kargi magaliTia SemTxveva, rodesac sistemis gansakuTrebuli 

amonaxsnebis wertili iyofa jerad gansakuTrebul amonaxsnebad. 

dakvirvebadi movlenebi – es ar aris ubralod mdgradobis Sec-

vla, es ufro bifurkaciis magaliTia. unda aRiniSnos Semdegi: 

gansakuTrebuli wertilis mdgradobis qveS gvesmis mdgradoba 

liapunovis mixedviT. naSromSi ganvixilavT struqturul mdgra-

dobas, romelic bifurkaciuli analizis kvlevis sagania. 

gansakuTrebuli mniSvneloba energosistemebis mdgradobis 

gamokvlevisas eniWeba qaosis arsebobas. qaosi aris arawrfivi 

movlena, romelic gvxvdeba yvela mecnierul disciplinaSi. misi 

gaanalizeba intuiciurad Zalze rTulia, magram mainc realurad 

arsebuli movlenaa. ZvelTaganve mkvlevarebi xvdebodnen qaoss, 

magram mas Rebulobdnen fizikur xmaurad da gverds uvlidnen. 

axla ukve cnobili gaxda, rom qaosi Cndeba ara marto xelovnur 

sistemebSi, aramed sistemebSic,  romelTac axasiaTebT arawrfi-

voba.  

 uxeSad rom vTqvad, qaosi warmoadgens sakmaod araCve-

ulebriv qcevas romeliRaca sistemisa damyarebul reJimSi.  

termini `qaosuri” determinirebul fizikur da maTematikur 

sistemebSi gamoiyeneba iseTi moZraobebis mimarT, romelTa trae-

qtoriac Zlier aris damokidebuli sawyis pirobebze. qaosuri 

rxevebi Cndeba Zlieri arawrfivobis dros.  

cnobilia, rom arawrfivobis dros arsebobs  parametrebis 

farTo diapazoni, romelTa drosac sistemis moZraoba dam-

yarebul reJimSi aris SezRuduli, magram ara perioduli. rxevebi 

SemTxveviTia da xasiaTdebian ara diskretuli, rogorc periodu-

lis dros, aramed farTo uwyveti speqtriT. amas garda sistemis 

moZraobis xasiaTi imdenad mgrZnobiarea sawyis pirobebze damoki-

debulebiT, rom grZelvadiani prognozireba zusti amonaxsnisa 

SeuZlebelia. aseTi maRali mgrZnobiaroba sawyisi pirobebis 
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variaciaze damokidebulebiT qaosuri sistemis erT-erTi damaxa-

siaTebeli Tvisebaa.  

qaosuri sistema determinirebuli sistemaa, romlis moqme-

debasac SemTxveviTi saxe aqvs. 

 energosistemebSi didi yuradReba aris gamaxvilebuli 

sinqronizaciis movlenaze, romelic Tavis umravles saerTo 

interpretaciaSi niSnavs ori an ramodenime procesis qcevis Tav-

sebadobas droSi.  `sinqronizireba~ _ niSnavs SevaTanxmoT dro-

Si, mivyveT an operireba gavukeToT sistemas mxolod erT da ima-

ve siCqareze, gamomdinare erTi da imave droidan. 
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1. gardamavali procesebi energosistemebSi 

 

1.1.  energisistemebis ZiriTadi elementebis maTemetikuri 

modelebi 

 

1.1.1. sinqronuli manqanis gantolebebi. 

 

energosistemebSi mimdinare procesebis maTematikuri mode-

lirebis sakiTxebi Seiswavles iseTma gamoCenilma mecnierebma, 

rogorebic arian: s.a. lebedevi, p.s. Jdanovi, a.a. gorevi, romelTa 

naSromebic mniSvnelovania energosistemebis mdgradobisa da gar-

damavali procesebis TeoriaSi. 

energosistemebis proeqtirebisa da eqsploataciisas auci-

lebelia eleqtruli amocanebis kompleqsis amoxsna, romlebic 

moicaven damyarebuli reJimebis, statikuri da dinamikuri mdgo-

mareobis, xangrZlivi eleqtromeqanikuri gardamavali procesebis, 

mokled SerTvis denebis da sxv. amocanebis amoxsnas [4]. 

sinqronuli manqana rotorze ori dempferuli konturiT 

warmoadgens sistemas, romelic Sedgeba eqvsi magniturad 

dakavSirebuli konturisgan. am konturebidan sami manqanis fazis 

sivrceSi umoZrao sami konturia, xolo danarCeni sami konturi – 

aRgznebis gragnili da ori dempferuli konturia. 

sinqronuli manqanis gardamavali eleqtromagnituri proce-

sebis gantoleba fazur koordinatebSi SeiZleba Semdegnairad Ca-

iweros [1,2,3,4,5]: 

Uca= rcica+dΨ ca/dt; 

                                               Ucb = rcicb+dΨ cb/dt;                                        

                                                Ucc = rcicc+dΨ cc/dt;                    (1.1)             

Uf = rfif+dΨ f/dt; 

O = rgig+dΨ g/dt; 

O = rhih+dΨ h/dt. 

sadac UUca, Ucb, Ucc, ica, icb, icc, _ Sesabamisad manqanis eleqtrul wred-

Tan mierTebis fazuri Zabvebi da statoris fazuri denebia; Uf  _ 
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aRgznebis gragnilis Zabvaa; rc, rf, rg, rh _ aqtiuri winaRobebia 

Sesabamisad statoris fazis, aRgznebis gragnilis, horizonta-

luri da vertikaluri dempferuli konturebisaTvis; if, ig, ih _ 

denebia aRgznebis gragnilSi, da horizontalur da vertikalur 

dempferul konturebSi; Ψ ca, Ψ cb, Ψ cc, Ψ f, Ψ g, Ψ h _ nakadSerTvebi 

Sesabamisad fazis konturebSi, aRgznebis gragnilSi, horizonta-

lur da vertikalur dempferul konturebSi, romlebic arian 

denebis funqciebi: 

Ψ ca= LaIca + MabIcb+MacIcc+MafIf+MagIg+MahIh; 

Ψ cb= MabIca + LbIcb+MbcIcc+MbfIf+MbgIg+MbhIh; 

Ψ cc= MacIca + McbIcb+LcIcc+McfIf+McgIg+MchIh;                                                               (1.2) 

Ψ f= MafIca + MbfIcb+MafIcc+LfIf+MfgIg;  

Ψ g= MagIca + MbgIcb+McgIcc+MfgIf+LgIg; 

Ψ h= MahIca + MbhIcb+MchIcc+LhIh 

sinqromanqanis procesebis Teoriis Camosayalibeblad unda 

davuSvaT:  

1. TviTinduqciisa da urTierTinduqciis koeficientebis 

damoukidebloba. fazaTa konturebis TviTinduqciis da urTierT-

induqciis koeficientebi La, Lb, Lc, Mab, Mac, Mbc, warmoadgenen 

rotoris horizontaluri RerZisa da a(θ ) fazis magnitur RerZs 

Soris kuTxis periodul funqciebs periodiT П, xolo urTierT-

induqciis koeficientebi Maf, Mbf, Mcf, Mag, Mbg, Mcg, Mah, Mbh, Mch arian 

θ kuTxis perioduli funqciebi periodiT 2Π . 

2. mravalwevris umaRlesi wevrebis koeficientebi furies 

mwkrivad daSlisas arian mcireni da ar axdenen mniSvnelovan 

zegavlenas manqanaSi mimdinare procesebze [1,5,6]. 

am pirobebis gaTvaliswinebiT TviTinduqciis da urTierTi-

nduqciis koeficientebi SeiZleba Caiweros Semdegi saxiT: 

  La=Lcp+Lm cos2θ 

  Lb=Lcp+Lm cos(2θ+1200); 

  Lc=Lcp+Lmcos(2θ-1200);                                                       (1.3)                         

  Mab= -Mcp+Mo cos(2θ-1200); 
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  Mcc= -Mcp + cos(2θ+1200); 

  Mbc = -Mcp + Mo cos2θ. 

sadac 

  
2

L minmax
cp

LL +
= ;         

2
L minmax

m
LL −

= ; 

  
2

M minmax
cp

MM +
= ;    

2
M minmax

o
MM −

= . 

Lmax, Lmin, Mmax, Mmin _ statoris fazaTa konturis TviTinduq-

ciisa da urTierTinduqciis koeficentebis maqsimaluri da mini-

maluri mniSvnelobebia. 

  Maf=Mf cosθ; 

  Mbf=Mf cos(θ-1200); 

  Mcf=Mf cos(θ+1200); 

  Mag=Mg cosθ; 

  Mbg=Mg cos(θ-1200);                                                             (1.4) 

  Mcg=Mg cos(θ-1200); 

  Mah= -Mh sinθ; 

  Mbh= -Mhsin(θ-1200); 

  Mch= -Mhsin(θ+1200);  

  θ= + θ0. ∫
t

dt
0

ω

aq Mt, Mg, Mh _ statoris fazis konturis urTierTinduqciis 

koeficientebis maqsimaluri mniSvnelobebia aRgznebis konturTan, 

horizontalurad da vertikalur dempferul konturebTan mimar-

TebaSi, ω  _ rotoris brunvis kuTxuri siCqarea. 

sinqronuli manqanis moZraobis gantolebas, romelic 

Cawerilia dalamberis principiT, aqvs Semdegi saxe [1,5]: 

                                            J
dt
dw =TT_Te                                                      (1.5) 

sadac  TT _ warmoadgens rotoris RerZis Siga Zalebis 

ganlagebis momentis, anu pirveladi Zravis momentis, J _ rotoris 

inerciisa da masTan dakavSirebuli moZravi nawilebis momentia; 
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Te _ eleqtromagnituri momentia, romelic moqmedebs rotorze da 

gamoisaxeba damokidebulebiT: 

                                               Te=
ϑθ
ϑw                                                            (1.6) 

magnituri velebis energia gamoiTvleba Semdegi formuliT: 

                                           w=
2
1 ∑k

j kΨ k                                                                          (1.7) 

am gamosaxulebaSi ajamva xdeba manqanis yvela konturis 

mixedviT. (1.1) _ (1.7) gantolebebi warmoadgenen sinqronuli manqa-

nis gantolebebs fazur koordinatebSi. 

Tu (1.1) _ (1.7) periodulkoeficientebian gantolebebs gar-

davqmniT mudmivkoeficientebian gantolebebad, SeiZleba mivaR-

wioT sinqronuli manqanis gardamavali procesebis analizur ga-

martivebas [5]. 

gadasvla fazuri koordinatebidan mudmivkoeficientebian 

gantolebaTa sistemaze xorcieldeba parkgorevis gardaqmnebis 

daxmarebiT.  

denebis, Zabvebis da nakadSerTvebis myisieri fazuri sidi-

deebis nacvlad Semoitaneba axali saangariSo sidideebi id, iq, 

io,Ψ d,Ψ q,Ψ o, Ud, Uq, Uo, romlebic dakavSirebulni arian fazur 

sidideebTan Semdegi TanafardobebiT [7]: 

                                             =Ac ;                                                            (1.8) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

Uco
Ucq
Ucd

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

Ucc
Ucb
Uca

                              =Ac ;                                                                                            (1.9) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

Ico
Icq
Icd

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

Icc
Icb
Ica

                              =AC ;                                                                                   (1.10) 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

Ψ
Ψ
Ψ

co
cq
cd

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

Ψ
Ψ
Ψ

cc
cb
ca

sadac Ac _ park-gorevis gardasaxvaTa matricaa, romelic Caiwere-

ba Semdegi saxiT: 
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0 0

0

cos cos( 120 ) cos( 120 )
2 sin sin( 120 ) sin( 120 )
3

1 1 1
2 2 2

cA
θ θ θ
θ θ θ

⎡ ⎤
⎢ ⎥− +
⎢ ⎥

= − − − − −⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

0

0

                     (1.11) 

axali saangariSo sidideebi iwodebian A, q, O mdgenelebad, 

xolo TviT gardasaxva warmoadgens sinqronuli manqanis ganto-

lebis mimarTebas sakoordinato RerZebisadmi, romlebic uZravad 

arian. A, q, O koordinatebidan fazur koordinatebze gadasvla 

xdeba Semdegi matricis daxmarebiT: 

                        (1.12) 1 0

0 0

cos sin 1
cos( 120 ) sin( 120 ) 1
cos( 120 ) sin( 120 ) 1

c

θ θ
θ θ
θ θ

−

−⎡ ⎤
⎢ ⎥Α = − − −⎢ ⎥
⎢ ⎥+ − +⎣ ⎦

axal koordinatul RerZebSi sinqronuli manqanis gardama-

vali procesebis gantoleba matricul formaSi SeiZleba Caiwe-

ros Semdegi saxiT: 

    UI=RIII+(PE+NI)Ψ I; 

                         =LIII;                                                                              (1.13) iΨ

                        T cd cq cq c
3= T - ( i - i )
2

dJ
dt d
ω ψ ψ  

sadac UI=[Uf, Ucd, O, Ucq, O, Uco]T 

  II=[if, icd, ig, icq, ih, ico]T 

  I=[Ψ Ψ f, cd, g, Ψ Ψ Ψ cq, Ψ h, Ψ co]T 

  RI=diag[rf, rc, rg, rc, rb, rc]T 

 

 

 

L

LI= 

 
 

 

 

Lf 2
3

Mf Mfg    

Mf Ld Mg    

Mfg 
2
3

Mg Lg    

   Lq Mh  

   
2
3

Mh Lh  

     Lco 
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   -ω   

      

 ω     

      

      

 

 

NI=   

 

 

 

 

E _ erTeulovani diagonaluri matricaa. 

sidideebi 

                           Ld=Lcp+Mcp+ 2
3 Mo;                                                         (1.14) 

                           Lq=Lcp+Mcp_
2
3 Mo; 

warmoadgenen statoris fazis TviTinduqciis koeficientebs ho-

rizontaluri da vertikaluri denebisaTvis; 

                            Lco=Lcp_2Mcp                                                                                 (1.15)                                    

warmoadgens statoris fazis TviTinduqciis koeficientia nulo-

vani mimdevrobis denebisaTvis. 

(1.13) gardamqmnel gantolebas uwodeben park-gorevis ganto-

lebas, romelic Seicavs periodul koeficientebs imdenad, ramde-

nadac koordinatul RerZebSi induqciis koeficientebis mniSvne-

lobebi warmoadgenen mudmiv sidideebs. parkis da gorevis naS-

romebi erT-erTi pirveli sainJinro namuSevrebia, romlebic 

efeqturad gamoiyeneba periodulkoeficientebiani gantolebaTa 

sistemis mudmivkoeficientebian gantolebaTa sistemad gardaq-

mnisTvis[8,9]. 

 

1.1.2. asinqronuli manqanis gantolebebi 

 

asinqronuli manqanebis gardamavali procesebis gantole-

bebi fazur koordinatebSi Seicavs periodul koeficientebs, ro-

melTa raodenobac ganpirobebulia im faqtiT, rom statoris 
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fazaTa konturebis urTierTinduqciis koeficientebi arian 

perioduli funqciebi, romlebic damokidebuli arian rotoris 

mdgomareobaze. Tu miviRebT, rom stators da rotors aqvT 

samfaza simetriuli gragnilebi, SeiZleba asinqronuli manqanis 

gardamavali el.magnituri procesebis gantolebebi fazur koor-

dinatebSi Caiweros Semdegi saxiT[1,5,7,8,9,10]: 

                        Uca=rcica+ dt
d caΨ ; 

    Ucb=rcicb+ dt
d cbΨ ; 

    Ucc=rcicc+
dt

d ccΨ ;                                         (1.16) 

    Upa=rpipa+ dt
d paΨ

; 

    Upb=rpipb+ dt
d pbΨ

; 

    Upc=rpipc+ dt
d pcΨ

; 

sadac Uca, Ucb, Ucc, ica, icb, icc, Upa, Upb, Upc, ipa, ipb, ipc, _ Sesabamisad 

fazuri Zabvebi da denebia statoris da rotoris gragnilebis-

Tvis; rc, rp _ statorisa da rotoris fazaTa gragnilebis aqtiuri 

winaRobebia; , , ,caΨ cbΨ ccΨ paΨ , pbΨ , pcΨ _ statorisa da rotoris faze-

bis konturebis nakadSerTvebia. 

asinqronuli manqanis rotoris maZraobis gantolebas aqvs 

Semdegi saxe: 

   MJ 2

2

dt
d θ = _Tc+Te,                                                  (1.17) 

sadac  Tc _ amZravi meqanizmis winaRobis momentia; Te _ eleqtrome-

qanikuri momentia, romelic ganisazRvreba (1.6), (1.7) gantolebebiT. 

d, q, o fazuri sidideebidan moZrav kordinatul sistemaSi 

Kω Tavisufali siCqariT gadasvla xorcieldeba sinqronuli 

manqanebis gantolebebis analogurad. 
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asinqronuli manqanis gantoleba matriculi formiT 

Caiwereba Semdegnairad: 

         =RIIIII+(PE+MII)IIU IJΨ ; 

                =LIJIIJ;                                                                                   (1.18) IIΨ

           JM
dt
dω

=
2
3 Lad(ipdicq_ipqicd)_Tc, 

sadac  UII=[ Ucd, Ucq, Upd, Upq, Uco, Upo,]T     

                III=[ icd, icq, ipd, ipq, ico, ipo,]T; 
                        ; [ ]TpocopqpdcqcdII ,,,,,, ΨΨΨΨΨΨ=Ψ

                        RII=diag[ rc, rc, rp, rp, rc, rp]; 

 

 

 

L

LLI= 

 

 

Lc1  Lad    

 Lc1  Lad   

Lad  Lp1    

 Lad  Lp1   

    Lco  

     Lpo

 

 

 

 

N

NII= 

 

 

 

 

 kω−   

kω     

   kωω −  

  ωω −k  

    

    

Lc1= Lc- Mc _ statoris fazebis induqciis koeficientia pirdapiri 

mimdevrobis denebisaTvis; Lco=Lc+2Mc _ igive pirdapiri nulovani 

mimdevrobis denebisaTvis;  Lad= 2
3 M; Lp1=Lp-Mp _ rotoris fazebis 

TviTinduqciis koeficienti pirdapiri mimdevrobis denebisaTvis; 

Lp0=Lp-2Mp _ igive nulovani mimdevrobis denebisaTvis. 
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(1.18) gantoleba ar Seicavs periodul koeficientebs, 

amasTan perioduli koeficientebi (sinqronuli manqanisgan 

gansxvavebiT) gamoiricxebian asinqronuli manqanis gantolebe-

bidan sakoordinato RerZebis brunvis siCqaris kω nebismieri Ser-

Cevisas, rac ganpirobebulia asinqronuli manqanis simetriulo-

biT. Tu ganvixilavT asinqronuli manqanis moZraobas, roca 

tcos=ω , maSin misi gardasaxuli gantolebebi Rebuloben wrfivi 

gantolebebis saxes mudmivi koeficientebiT. 

 

1.1.3. eleqtruli qselis gantolebebi 

 

fazur koordinatebSi ra, La, ca wredis gantoleba, boloebSi 

U1, U2 ZabvebiT, SeiZleba Caiweros Semdegnairad: 

∫ ∧
∧

∧
∧

∧
∧

∧
∧∧∧ −−−−−= dti

Cdt
dM

dt
dM

dt
dLirUU a

cibiai
aaa

1
12 ;   

∫ ∧
∧

∧
∧

∧
∧

∧
∧∧∧ −−−−−= dti

Cdt
dM

dt
dL

dt
dMirUU b

cibiai
bbb

1
12 ;                       (1.19)     

 ∫ ∧
∧

∧
∧

∧
∧

∧
∧∧∧ −−−−−= dti

Cdt
dL

dt
dM

dt
dMirUU c

cibiai
ccc

1
12  ;             

 sadac , , _ Sesabamisad fazis aqtiuri winaRobaa, fazis 

konturis TviTinduqciis koeficienti da ori fazis konturis 

urTierTinduqciis koeficientebia; _ wredis gamWoli tevado-

baa. 

∧r ∧L ∧M

∧C

(1.19) gantolebebi warmoadgenen mudmivkoeficientebian 

wrfiv diferencialur gantolebebs. maTi gardasaxviT mbrunav 

koordinatul sistemaSi ( _RerZTan, mbrunavi 1U 1ω siCqariT; 

_RerZTan _2U 2ω  siCqariT;  RerZTan _∧i kω siCqariT) miviRebT [6]: 

−−−−−−−+− dkqkdkqkId IrUUUU ππθθθθθθθθ )sin()cos()sin()cos( 2222111  

[∫ ∫ +−+−−+=+− )cos()sin(1
111111 θθθθθ

π
π

ππ
π

π kqkdd
k

q
d UUdti

Cdt
diL

dt
diL

 

;)cos()sin( 112222 dt
dt

d
dt

diL
dt

di
LirUU kk

d
q

qkqkd
θθθθθθ ππ

π
πππ ⎥

⎦

⎤
−−−−−−+
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−−−−−+−+−− qkqkdkqkd irUUUU ππθθθθθθθθ )cos()sin()cos()sin( 22221111  

[∫ ∫ +−+−−−−+=−− )cos()sin()cos(1
22111111 θθθθθθθ

π
π

ππ
π

π kdkqkdq
k

d
q UUUdti

Cdt
diL

dt
di

L             

 
;)sin( 1122 dt

dt
d

dt
diL

dt
diLirU kk

q
d

dkq
θθθθ ππ

π
πππ ⎥⎦

⎤−++−+
                                               

0
10 20 0 0

1 ,diU U r i L i dt
dt C
π

π π π π
π

− − − = 0∫                                                          (1.20) 

sadac, ; πππ MLL −=1 πππ MLL 20 +=  _ wredis TviTinduqciis koefi-

cientebia pirdapiri da nulovani mimdevrobis denebisaTvis.  

(1.19) da (1.20) gantolebebi Sedgenilia eleqtruli qselis 

yvela parametrisaTvis da erTiandebian eleqtruli qselis 

kvanZebisaTvis kirxofis pirveli kanonis gantolebebTan. am 

damokidebulebebs j  kvanZisaTvis SeiZleba hqondeT Semdegi saxe: 

                    ∑ =
j

ji 0                             (1.21) 

sadac j  _ j kvanZTan mierTebis Stoebis raodenobaa. (1.19) da 

(1.20) gantolebebis SerwymiT kirxovis II kanonTan eleqtruli 

qselis konturebisTvis miviRebT [11]:  

                    (1.22) 
∑ =

l
lU 0

 

sadac   l  _ aris elementebis raodenoba, romlebic Sedian -ur 

konturSi. 

  

m

1.1.4 mTliani energosistemis maTematikuri modeli 

 

imisaTvis, rom CavweroT energosistemis gardamavali proce-

sis mTliani maTematikuri modelebis gantoleba, energosistemis 

calkeuli elementebisaTvis unda miviRoT koordinatTa sistema 

da denebis mimarTuleba. denebis dadebiT mimarTulebad miviRoT 

denis mimarTuleba qselidan manqanaSi, q iyos vertikaluri 

(ordinatTa) RerZi, d – horizontaluri (abscisaTa) [1,5].  

mTliani energosistemis maTematikuri modelis gantolebe-

bis optimalurad CawerisTvis sinqronuli manqanebis toloba 
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unda Caiweros mbrunav koordinatebSi, romlebic myarad arian 

dakavSirebuli erTmaneTTan manqanis rotoriT. asinqronuli 

manqanebisa da statikuri elementebis gantolebebi Caiwerebian 

mbrunav koordinatebSi, romlebic xistad arian dakavSirebuli 

erT-erTi sinqronuli manqanis rotorTan an fazur koordina-    

tebTan [1,11]. 

eleqtruli qselis gantoleba CavweroT kvanZuri Zabvebis 

meTodiT, roca ar arseboben denis nulovani mdgenelebi. ele-

qtruli qselis da asinqronuli manqanebis gantolebebi Sevu-

fardoT RerZebs, romlebic xistad arian dakavSirebuli erT-

erTi sinqronuli manqanis rotorTan. vTqvaT es aris manqana n 

kvanZSi. am dros manqanis horizontaluri _ namdvili RerZebisa 

da warmosaxviTi _ vertikaluri RerZebis Tanxvedrisas eleqt-

ruli qselis mdgomareobis gantoleba j  kvanZisTvis, (1.20) 

gantolebis gaTvaliswinebiT, kompleqsur formaSi Caiwereba 

Semdegnairad [5]: 

        0)( =++−+ ∑ jajcjqq
q

jjjj IIYUUYU               (1.23) 

sadac jajc II ,  _ denebia, romlebic ganpirobebulia j kvanZSi 

sinqronuli da asinqronuli manqanebis arsebobiT; jqY _ jq Stos 

gamtarianoba, romelic akmayofilebs gamosaxulebas: 

     

∧+
+++

=
∧ Cjwp

Ljwpr
Y

k
k

jq

)(
1)(

1

1

             (1.24) 

jqY  axdens jkvanZSi statikuri datvirTvis modelirebas. Tu 

statikuri datvirTva warmodgenilia  wredis saxiT, maSin  HH Lr ,

               
HkH

jj Ljwpr
Y

)(
1
++

=                         (1.25) 

Caketili sistemebis misaRebad saWiroa sinqronuli 

manqanebis gantolebebsa da eleqtruli qselis mdgomareobis 

gantolebas daematos sxvadasxva koordinatTa sistemis kavSiris 

gantolebebi, romlebic SeiZleba CavweroT Semdegi saxiT [5,11,12]: 
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                    jncqjjncdjj UUU δδ sincos' −=

                                 (1.26)             jncqjjncdjj UUU δδ cossin'' +=

                    jncqjjncdjjc iiI δδ sincos' −=

                    jncqjjncdjjc coniiI δδ += sin''

talRuri procesebis gaTvaliswinebiT grZeli xazis ganto-

leba CavweroT o,,βα koordinatebSi da davumatoT fazuri koor-

dinatebis kavSirebis gantolebebi o,,βα  koordinatebSi. 

d,q,o koordinatebSi gardasaxvis matricas aqvs Semdegi saxe: 

                   (1.27) 

⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡
−== −

100
0cossin
0sincos

1 θθ
θθ

α IIcd SAA

 

1.1.5 energosistemis mTliani  

maTematikuri modelis Taviseburebebi 

 

ganvixiloT umartivesi energosistemebis gardamavali pro-

cesebis gantolebebi, romlebic Sedgeba ori sinqronuli manqa- 

nisgan da muSaoben statikur datvirTvaze, romelsac warmoad-

gens parametrebi . simartivisaTvis gamoyenebulia araregu-

laruli sinqronuli manqanebi udempfero konturebiT simetriul 

reJimSi. gamoyenebulia mTliani maTematikuri modelis gantole-

bebi mbrunav koordinatTa RerZebSi. sinqronuli manqanebis gan-

tolebebi ukavSirdebian maT rotorebs (1.13) gantolebis safuZ-

velze da Caiwerebian Semdegnairad [1,5,11,13]: 

HH Lr ,

( ) jcqjqjfjfjcdjdjcdjcjcdj iLiMiL
dt
dirU ω−++= ;  

 ( ) ( ) jfjfjcdjdjcqjqjcqjcjcqj iMiLiL
dt
dirU ω⋅+++= ;                   (1.28)             

3 ;
2f j f j f j f j c d j f j f j

dU r i M i L i
d t

⎛ ⎞= + +⎜ ⎟
⎝ ⎠

 ( )3 ,
2

j
j T j f j f j cq j d j q j cd j cq j

d
J T M i i L L i i

d t
ω

⎡ ⎤= − + −⎣ ⎦  
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sadac j=1,2 

datvirTvis wredis gantolebebi SeZleba Caiweros Semdegi 

saxiT: 

11 ωHqH
Hd

HHdHcd iL
dt

diLirU −+=                 

(1.29) 

11 ωHdH
Hq

HHqHcq iL
dt

di
LirU ++=  

kirxofis I kanoni datvirTvis kvanZisTvis da I da II 

sinqronuli manqanebisTvis SeiZleba Caiweros Semdegi saxiT [11]: 

            ;0sincos 221 =+++ Hdcqcdcd iiii δδ  

            ;0sincos 221 =+−+ Hqcdcqcq iiii δδ                (1.30) 

              ;sincos 221 δδ cqcdcd UUU +=  

                                  .cossin 221 δδ cqcdcq UUU +−=

                                   (1.31) 021 )( δωωδ +−= ∫ dt
t

o

(1.28) _ (1.31) gantolebebi aRweren ganxiluli sistemis 

gardamaval procesebs. maTi erToblivi amoxsna saSualebas iZ-

leva aRvweroT eleqtromagnituri da eleqtromeqanikuri proce-

sebi. 

(1.28) _ (1.31)-dan Cans, rom mbrunav koordnatebSi mTliani 

maTematikuri modelis Cawerisas sinqronuli manqanebis gantole-

bebidan gamoiricxeba perioduli koeficientebi, amasTan es koe-

ficientebi (sinδ , cosδ ) gardaiqmnebian manqanis rotorebs Soris 

kuTxis periodul funqciebad, romelTa cvalebadoba droSi 

aRiwereba (1.31) gantolebiT. 
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1.2 mravalmanqaniani sistemebis gamartivebuli variantebi 

 

1.2.1 Cqari eleqtromagnituri procesebis kvlevis 

maTematikuri modeli 

 

es modeli aris mTliani modelis kerZo SemTxveva da 

miiReba misgan Cqari moZraobis gamoyofiT, sinqronuli da 

asinqronuli manqanebis rotorebis brunvis kuTxuri siCqareebis 

Semagrebis gziT sinqronuli manqanebis rotorebis brunvis 

kuTxuri siCqareebis erTnairi mniSvnelobebisas. 

i-uri sinqronuli manqanebisTvis Cqari eleqtromagnituri 

procesebis gantoleba (1.13)-is safuZvelze Caiwereba Semdegi 

saxiT: 

              ;)( IiIioIiIiIi NPEIRU Ψ++=  (1.33)            

          IiIiIi IL=Ψ  

gantolebebs wredisTvis  parametrebiT (1.20)-is 

safuZvelze eqneba saxe: 

∧∧∧ CLr ,,

+=+−−− ∫ ∧
∧

∧∧
∧

∧∧∧ dti
C

iL
dt

dLirUU dq
di

ddd
1

01121 ω 1 2 1 1
i q

q q q d o o

d
U U r i L L i d

dt
ω ω∧

∧ ∧ ∧ ∧ ∧

⎡ ⎤
− − − −⎢ ⎥

⎣ ⎦
∫ t ;

+=+−−− ∫ ∧
∧

∧∧
∧

∧∧∧ dti
C

wjL
dt

di
LirUU qd

q
qqq

1
01121 1 2 1 1

d
d d d q o o

djU U r i L L i d
dt

ω ω∧
∧ ∧ ∧ ∧ ∧

⎡ ⎤− − − − −⎢ ⎥⎣ ⎦∫ t ;

dti
Cdt

diLirUU ∫ ∧
∧

∧
∧∧∧ =−−− 0

0
002010

1 .                                     (1.34)          

mocemuli gantolebebi miRebulia energosistemis yvela 

elementisTvis da warmoadgenen Cqari eleqtromagnituri proce-

sebis models, romelic arawrfivia Tavisi mudmivi koeficien-

tebiT simetriuli reJimebisTvis [1,5,13,14]. 

 

1.2.2. Jdanovis modeli 

 

gasaSualebis pirveli meTodis gamoyeneba iwvevs Jdanovis 

maTematikuri modelis gamartivebas. 
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energosistemebisTvis im modelis gantolebebs, romlebic 

Sedgebian n-sinqronuli da ℓ-asinqronuli manqanebisgan, kompleq-

sur formaSi eleqtromagnituri procesebis gauTvaliswineblad, 

eqnebaT Semdegi saxe: 

1 ( 1) 1 1( ) ( ,..., , ,..., , ,..., );i
i Ti i ei n n n n M
dJ T T
dt ml
ω ω δ δ ω ω ω ω−= −

 1 ( 1) 1 1( ) ( ,..., , ,..., , ,..., );mv
Mv cv mv ev n n n n m

dJ T T
dt ml
ω ω δ δ ω ω ω ω−=− +               (1.35) 

.in
i n

d
dt
δ ω ω= −  

sadac i=1,2,...,n; 1,2,..., ;lν =  n1δ _ i-uri da n-uri sinqronuli manqane-

bis rotorebs Soris urTierTZvris kuTxea; ii −ω -uri sinqronuli 

manqanis rotoris brunvis kuTxuri siCqarea; mνω ν− -uri asinqro-

nuli manqanis rotoris brunvis kuTxuri siCqarea. 

(1.35)-Si Semavali funqciebis cxadi analitikuri gamosaxu-

lebebi SeiZleba miRebul iqnes eleqtruli qselis mxolod 

ubralo wrfivi modelebis SemTxvevaSi. 

Jdanovis models orgeneratoriani sistemisTvis, romelic 

mTliani modelidan miiReba, aqvs Semdegi saxe: 

( )
2

1 21 1
1 1 11 12 12

1 11 12

1 3 sin sin ;
2

q q
T

E Ed EqJ T
dt Z Z
ω α δ

ω
⎡ ⎤

= − + −⎢ ⎥
⎣ ⎦

α

 (
2

1 22 2
2 2 22 21 21

2 22 21

1 3 sin sin ;
2

q q
T

E Ed EqJ T
dt Z Z
ω α δ

ω
⎡ ⎤

= − + −⎢ ⎥
⎣ ⎦

)α             (1.36) 

12
1 2

d
dt
δ ω ω= − . 

sadac 1111 ffq iME ω= , 2 2 2q fE M 2fiω=  - eleqtromamoZravebeli Zalebia; 

z11, z22, z12, z21, 2112 ,,2211 , αααα _ Sesabamisad sakuTrivi da urTierT-

winaRobebis argumentebisTvis modulebi da damatebiTi kuTxeebia 

[1,5,15,16,17,18,19,20]. 
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1.2.3 poziciuri modeli 

 

poziciuri modelis gantolebebis aracxadi saxiT Cawera 

statikuri maxasiaTeblebis asinqronuli datvirTvis gaTvaliswi-

nebiT (1.35)-dan gamomdinare, xdeba Semdegnairad: 

2

1 ( 1) 1 ( 1)2

1 1[ ( , ..., )] ( , ..., )in
Ti ei n n n Tn en n n n

i n

d T T T T
dt J J
δ δ δ δ δ− −⎡ ⎤= − − −⎣ ⎦  

                     ( 1,2,..., 1)i n= −                         (1.37)             

poziciuri modeli gamoiyeneba sinqronuli manqanebis far-

dobiTi moZraobis analizisTvis da misi gamoyeneba SeiZleba 

maSin, roca unda gamovikvlioT procesebi, damokidebuli sinq-

ronuli manqanebis rotorebis brunvis kuTxur siCqareze. 

arseboben am principze agebuli sxva gamartivebuli maTe-

matikuri modelebi. ganvixiloT maT Soris yvelaze xSirad 

gamoyenebuli n-kvanZSi 0ω  sixSiriani usasrulo simZlavris sal-

tis gamartivebuli maTematikuri modeli [5,19]. 

sinqronuli generatoris rotoris moZraoba (1.13)-is gaTva-

liswinebiT ase aRiwereba: 

2
2

2

3 sin sin( )
2

rin
ji Ti qi ii ii qi i EUi EVi Evi

dT P E Y E U Y
dt
δ α δ⎡ ⎤= − + −⎣ ⎦α            (1.38)            

sadac irin −δ -uri sinqronuli manqanis rotoris da eqvivalentur 

usasrulo simZlavris generatoris saltes Soris kuTxea; Eqi _ i -

uri sinqronuli manqanis fiqtiuri emZ; Ui _ i-uri sinqronuli man-

qanis eleqtrul qselTan Sexebis kvanZSi Zabvis modulia; 

, ,ii ii EUi,EUiα αΥ Υ _ sakuTari da saerTo gamtarobis argumentebis 

modulebi da damatebiTi kuTxeebia EQi da Ui kvanZebisTvis; iPTI − -

uri sinqronuli manqanis pirveladi Zravis simZlavrea; 

0ωiJi JT = . 
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i-uri sinqronuli manqanis aRgznebis gragnilSi eleqtroma-

gnituri gardamavali procesebis gantoleba (1.13)-is safuZvelze 

gardaiqmneba Semdegnairad: 

                  

'
qi

d qeioi

dE
T E

dt qiE= −                     (1.39) 

sadac  gardamavali winaRobis emZ-a; emZ-is stacio-

naluri mniSvnelobaa, romelic proporciulia aRgznebis gragni-

lis Zabvisa; aRgznebis gragnilis drois mudmivaa. 

'qi dE − Χ

T

' −qeiE

−doi

gamartivebuli modelisTvis i-uri sinqronuli manqanis ro-

toris moZraobis gantolebas aqvs saxe: 

2
2

2
1

3 sin sin( )
2

n
in

ji Ti Qi ii k ii k Qi Qj ij ij k
j

dT P E Y E E
dt
δ α δ∋ ∋ ∋

=

⎡ ⎤
= − + −⎢ ⎥

⎣ ⎦
∑ α     (1.40)         

i-uri sinqronuli manqanisTvis  'qiE  da  cvladebis 

kavSiris gantolebas aqvs saxe: 

QiE

'

' '
1

1 cos cos( )
j i

n
qi

Qi ii k ii k Qi ij k ij ij k
jqi di qi di

E
E Y E Y

x x x x
α

≠

∋ ∋ ∋
=

⎛ ⎞
= − + −⎜ ⎟⎜ ⎟− −⎝ ⎠

∑ δ α ∋    (1.41)    

ufro gamartivebuli modeli miiReba im SemTxvevaSi, roca 

aRgznebis regulirebis moqmedebiT SeiZleba uzrunvelyofil 

iqnes zogierTi  emZ-is mudmivoba eqvivalenturi reaqtiuli 

winaRobiT xi, romelic damokidebulia aRgznebis regulatoris 

maxasiaTebelze. am modelis moZraobis gantoleba Caiwereba 

Semdegnairad: 

i kE ∋

   ∑
=

∋∋∋∋ −−−=
h

j
kijijkijjikiikiiiTi

in
Ji YEEYEP

dt
d

T
1

2
2

2

)sin(sin αδα
δ

      (1.42) 

sadac kii EE ∋=
2
3

; kij EE ∋=
2
3

; xi _ gaTvaliswinebulia 

sakuTriv da urTierTgamtarobaSi (i=1,2,...,n-1). modelis Semdgom 

gamartivebad iTvleba konservatiul modelebze gadasvla, ro-

melTaTvisac damatebiTi kuTxe kij ∋α  xdeba nulis toli [5,19,20]. 
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1.2.4. eleqtrul qselSi gasaSualebuli 

procesebis modeli 

 

eleqtrul qselSi mravalsixSiruli denebis da Zabvebis 

Secvlas erTsixSiruliT mivyavarT modelis gamartivebamde, 

romelsac SeiZleba vuwodoT eleqtruli qselis gasaSualebuli 

procesebis maTematikuri modeli. aseTi tipis modelis realiza-

ciisas unda ganvixiloT sinqronuli manqanebis muSaoba SekavSi-

rebis kvanZze, rogorc miwodebuli Zabvis momWerebze da gava-

erTianoT sxvadasxva sixSiris wredebi energetikuli balansis 

gantolebebiT [1,5,19,21,22]. 

gasaSualebis erT-erT saSualebas, romelic akmayofilebs 

mocemul pirobebs, warmoadgens el.simZlavreebis an momentis 

saSualo mniSvnelobis gansazRvra [1,5]: 

           
i i

i
e

i
i

P

P

ω
ω

∋ ∧

∋ ∧

=
∑
∑

                                (1.43) 

anu             
i i

i
e

i
i

J

J

ω
ω =

∑
∑

                                (1.44) 

CavweroT gasaSualebis maTematikuri modelebi energo-

sitemisTvis, romelsac aqvs n-sinqronuli, ℓ-asinqronuli manqana 

da m-eleqtruli qselis kvanZi. j-uri sinqronuli manqanis 

moZraobis gantoleba Caiwereba Semdegi saxiT: 

IjIjIjIjIj NPEIRU Ψ++= )( ; 

Ij Ij IjL IΨ = ;                                              (1.45) 

)(
2
3

cqjcqjcqjcdjTjj iiT
dt

dwjJ Ψ−Ψ−= , 

 

sadac j=1,2,...,n. 

ν -uri asinqronuli manqanis moZraobis gantoleba Caiwereba 

Semdegi saxiT: 
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( )II II II II IIU R I pE Nν ν ν ν ν= + + Ψ ; 

II II IIL Iν ν νΨ =Ψ = ;                                              (1.46) ;                                              (1.46) 

3 ( )
2M ad pd cq pq cd c

dJ L i i i i T
dt

ν
ν ν ν ν ν ν ν

ω
= − − , 

sadac 1, 2,..., .lν =  

yoveli j-uri eleqtruli qselisaTvis (maT Soris 

sinqronuli da asinqronuli manqanebis SeerTebis kvanZebisaTvis) 

eleqtruli qselis stacionaluri mdgomareobis gantolebebi 

aqtiuri da reaqtiuli simZlavreebis balansis gantolebebis 

saxiT Caiwereba Semdegnairad [1,5,22,23]: 

( ) ( )2 sin sin , 0;j jj jj j q jq jn qn jq jH j c jc ja
q

U y U U Y P U P Pα γ δ δ α ωΥ + − − + + +∑ =  

( ) ( )2 cos cos , 0.j jj jj j q jq jn qn jq H c jc ja
q

U U U Y Q U Qγ γα δ δ α ωΥ − − − + + +Q =∑  
(1.47) 

sadac j=1, 2,...., m. 

gantolebis ricxvis ucnobTa ricxvTan SesabamisobaSi 

mosayvanad aucilebelia sinqronuli, asinqronuli manqanebis da 

eleqtruli qselis cvladebis kavSiris damatebiTi gantolebaTa 

sistemis Sedgena. sinqronuli manqanisaTvis, romelic SeerTebu-

lia j kvanZTan, es gantolebebi Caiwereba Semdegi saxiT [5]: 

  ; jc cdj cdj cqj cqjP U i U i= +

  jc cqj cdj cdj cqjQ U i U i= − ;                           (1.48) 

  
2 2 2 ;j cdj cqjU= +U U  

  
cdj

cqj
rjnjn U

U
arctg+= δδ ; 

  .rjn
j n

d
dt
δ

ω ω= −  

sadac rjnδ _kuTxea sinqronuli manqanis j rotoris horizon-

talur RerZsa da generatoris horizontalur RerZs Soris. 

asinqronuli manqanisTvis, romelic mireTebulia ν kvanZze, 

kavSiris gantoleba SeiZleba Caiweros Semdegnairad: 
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  ννννν cqcdcdcda iUiUP += ; 

  a cd cd cd cqQ U i U iν ν ν ν ν= − ; 

  
2 2 2 ;v c cd dU U Uν ν= +                               (1.49) 

  .cqv
n

cdv

U
arctg

Uνδ =  

ormanqanur energosistemebSi sinqronuli manqanebisTvis 

mocemul gantolebebs aqvT Semdegi saxe: 

  ( ) ;cdj cj cdj dj cdj fj fj qj cqj j
dU r i L j M i L j
dt

ω= + + −      

   ( ) ( ) ;cqj cj cqj dj cdj dj cdj fj fj j
dU r i L i L j M j
dt

ω= + − +                (1.50)                        

  
3 ;
2fj fj fj fj cdj fj fj

dU r i M i L i
dt
⎛ ⎞= + +⎜ ⎟
⎝ ⎠

 

  ( )3 .
2

j
j Tj fj fj cqj dj qj cdj cqj

dw
J T M i i L L i i

dt
⎡ ⎤= − + −⎣ ⎦  

sadac j=1,2. 

energetikuli balansis gantoleba datvirTvis kvanZSi 

parametrebiT rH, LH da cvladebis kavSiris gantoleba Caiwereba 

Semdegi saxiT [1,5,24,25,26,27]: 

( )
22

2 2 2
1

0;H H
cdj cdj cqj cqj

j H H c

U ru i u i
r L ω=

+ + =
+∑  

( )
2 22

2 2 2
1

0;H c H
cqj cdj cdj cqj

j H H c

U w Lu i u i
r L ω=

+ + =
+∑  

2 2 2
1 1;H cd cqU u u= +  

(1.51) 
2 2 2

2 2;H cd cqU u u= +   

2
12

2 1

;cq cq
r

cd cd

u u
arctg arctg

u u
δ = − 1                             

12
1 21;rd

dt
δ ω ω= −                                           

1 1 2 2

1 2

.c
J J
J J

ω ωω +
=

+
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1.3 energosistemis statikuri mdgradoba 

 

amJamad energosistemasTan dakavSirebul sakiTxTa gamarti-

vebam farTo gavrceleba hpova. 

Tu laparakia wrfiv modelebze, maSin es sakiTxi SeiZleba 

gadawyvetili iqnas maxasiaTebeli gantolebis analizis safuZ-

velze sxvadasxva meTodebiT. 

am analizis mTavari mizania, gagebuli iqnas Tavisebureba, 

romelic Tan sdevs energosistemis mTel models, imisaTvis, rom 

ufro safuZvlianad mivudgeT mis gamartivebas saerTo SemTxve-

vaSi. 

naSromSi ganixileba sinqronuli manqana, romelic muSaobs 

ucvleli sinusoiduri Zabvis wyaroze. ikvleva SemTxveva, rome-

lic miaxloebiT asaxavs erTi sinqronuli manqanis muSaobas 

Zalze mZlavr wredSi. energosistemis gantoleba CavweroT koor-

dinatTa sistemaSi, romelic emTxveva sinqronuli manqanis roto-

ris RerZebs. mosaxerxebelia maTi warmodgena Semdegi saxiT 

(fardobiT erTeulebSi) [1,5,26,27]: 

  (1 ) sin ;d
d q

d Ri S u
dt

δΨ
+ − + Ψ =  

  (1 ) cos ;q
q q

d
Ri S u

dt
δ

Ψ
+ + + Ψ =                     (1.52) 

  p
p p p

d
R i u

dt
Ψ

+ = ; 

  0)( =−Ψ−Ψ+ ωTqdqq Mii
dt
dSTj ,                

sadac { };,, pqd ΨΨΨ=Ψ  { };,, pqd iiii =  pp i,Ψ - sinqronuli manqanis 

rotoris xviaTa nakadSerTvebisa da denebis veqtorebia; 

{ };0...,0, 0fp UU =  ,ωω −=S  0ω  - Zabvis statoris xviaze dadebuli 

sixSirea; δ  - kuTxea rotoris ganiv RerZsa da dadebuli Zabvis 

gamosaxviT veqtors Soris, romelic aiTvleba Zabvis veqtoridan 

saaTis isris sawinaaRmdego mimarTulebiT. 
баз

баз

М
jTj

2ω
=  meqanikuri 
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momentia; simartivisTvis ugulebulyofelia amZravi meqanizmebis 

gardamavali procesebi.  

maxasiaTebel gantolebas aqvs me-5 rigi. a. a. gorevis 

naSromSi mcire parametrebis meTodis daxmarebiT miRweul iqna 

me-5 rigis sawyisi gantoleba daSliliyo dabali rigis sam 

gantolebad: 

  ; 0)'1()'(2 =++++ aqda pp ρρρρ

   ;                                (1.53) 0)5(
5

)3(
4 =+ apa

   (1) 3 (2) 2 (3) (5)
2 3 4 4 0эa p a p q p q+ + + = ; 

   . 054
2

3
3

2
4

1
5 =+++++ apapapapap

 

1.4 ormanqanuri energosistemis dinamika 

 

energosistemebis maTematikur modelebs Soris poziciuri 

modeli rCeba energosistemis erT-erT umTavres idializaciad, 

romelsac klasikuri ewodeba. 

aseTi sistemis dinamikis sakiTxebs, upirveles yovlisa 

mdgradobas, eZRvneba uamravi literatura, sadac ganixileba 

gamokvlevis sxvadasxva aspeqtebi cifruli, analitikuri da 

xarisxobrivi meTodebis gamoyenebiT. mdgradobis gamokvlevisa 

ganxilul meTodebs Soris aris liapunovis funqciis meTodi. 

miuxedavad imisa, rom liapunovis funqciis meTodi ukve didi 

xania gamoiyeneba energetikaSi, vxvdebiT srulebiT umniSvnelo 

raodenobis amocanebs, romlebic amoxsnili arian am meTodis 

daxmarebiT. 

ganvixiloT ormanqanuri energosistema poziciur ideali-

zaciaSi wrfivi dempfirebiT, romlisTvisac amoixsneba misi 

dinamikis ramodenime mniSvnelovani amocana: wonasworobis 

mdgomareobis separatrisuli zedapirebis umravlesobis aRwera, 

romlebic zRudaven energosistemis wonasworobis mdgomareobas 

asimptoturi mdgradobiT da wonasworobis mdgomareobis umrav-

lesobis globaluri mizidulobis pirobebis miReba. CamoTvlili 
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amocanebi amoixsneba liapunovis I da II meTodebiT da Sedarebis 

organzomilebiani sistemis meTodiT. wrfivad dempfirebuli 

organzomilebiani energosistemis poziciuri modelis fardobiTi 

moZraoba gamoisaxeba Semdegi saxiT [1,5,26,27]: 

.

12 12;δ ω=

12 1
1 1 1 1

12 2 1 2 1 1 1 12 12 12 2 2 2 12 12 12( ) cos( ) cos(m mP A P A );ω λω λ λ ω μ μ δ θ μ μ δ− − − −+ − + − − − + −

1 1
2 2 2 2 2 12 12 12cos( ),mP A

θ= −
.

2ω λ ω= − μ μ δ θ− −+ − −                               (1.54) 

sadac ,12δ  ,12ω  ,2ω  _ sistemis fazuri cvladebia ( ,2112 δδδ −=  

,2112 ωωω −=  ,iδ  ,ii δω =  ,2,1=i  - Sesabamisad rotoris absoluturi 

kuTxe da kuTxuri siCqarea  i -uri manqanisTvis); ,iλ  ,iμ   

  

,miP

,2,1=i ,12A 12 ,θ  - mudmivebia, ,0>iμ  ,0>iλ  ,2,1=i    12 0.A >

(1.54)-Si davuSvaT ,012 =δ  
.

12 0,ω =  
.

2 0,ω =  maSin vRebulobT  

wonasworobis gantolebas:  

       mii PD =+ )( 122 δϕω      ( ,2,1=i )                  (1.55) 

romlebSic iiiD μλ=      ( ,2,1=i )  

            12 12 12 12( ) cos( )Aϕ δ δ θ= − .                         (1.56) 

 Tu (1.54) – sistemis parametrebi akmayofileben pirobas:            

    1 1 2 2;λ μ λ μ≠  

    1)((( 221112)12211 ≤−− μλμλμλμλ APP mmi           (1.57) 

maSin misi wonasworobis mdgomareoba ganisazRvreba Tanafardo-

bebiT: 

   0
12 0;ω =

1 2

0
2 1 1( ) (m mP P 2 2 );ω λ μ λ μ= − −  

 
2 1

0
2 12 1 1 2 2 12 1 1 2 2cos( ) ( ) ( ( ))m mP P Aδ θ λ μ λ μ λ μ λ μ− = − −                    (1.58) 

(1.58)-dan gamomdinareobs, rom (1.57) pirobisTvis (1.54) 

sistemas aqvs wonasworobis izolirebuli mdgomareobis Tvladi 

simravle. Tu misgan gamovyobT wonasworobis nebismier mdgomare-

obas, aRniSnuli ( )-iT da Tu SevitanT gadaxrebs: 

           vRebulobT (1.54) an (1.55)-

is gaTvaliswinebiT Semdeg gantolebebs:  

,*
12ω

*
22 ω−

,*
2ω

,

,*
12δ

σz,*
12121 ωω −=z 2 ω=z ,*

1212 δδ −=
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.

1;zσ =

   
.

1 1 1 2 1 2 1( ) (z z z b );λ λ λ σ= − + − + Ψ                                         (1.59) 

   
.

2 2 2 2 ( ).z z bλ σ= − + Ψ                                                

sadac   . ),( 1
2

1
1121

−− −= μμAb 01
2122 >= −μAb

   ( ) ( ) ( );Sin Sinσ σ α αΨ = + −  

   *
12 12 2.α δ θ π= − −                                                               (1.60) 

CavTvaloT, rom: ,12 ≥λ )2,0( πα ∈                                (1.61) 

amasTan, pirveli gantoleba yovelTvis Sesrulebadia. wona-

sworobis mdgomareobebs   gadaxrebisTvis eqneba Semdegi 

saxe:  

,1z 2z

          ,0=iz ,2,1=i 0)()( =−+=Ψ αασσ SinSin .            (1.62) 

am Tanafardobas mivyavarT oradTvlad Tanamimdevrobisken 

wonasworobis izolirebuli mdgomareobisa: 

' 'k iz 0θ = =    2,1=i πσ kk 2'=  ...2,1,0 ±±=k                      (1.63) 

" "k iz 0θ = =   2,1=i απσ 2" −= kk  ...3,1 ±±=k                   (1.64) 

 (1.59), (1.60) sistemis wrfiv miaxloebas 'kθ wertilis axlos 

aqvs Semdegi saxe:  

       
.

1;zσ = 1

.

1 1 2 1 2 1( ) cos ( kz z z bλ λ λ α σ σ= − + − + − ');

σ                                                                    (1.65) 
.

2 2 2 2 cos ( ').kz z bλ α σ= − + −

xolo misi maxasiaTebeli gantolebebi miiReben Semdeg saxes: 

0)]([cos)cos()()(' 1222111221
23 =−+−−+++=Δ λλλααλλμλλμμμ bbb      (1.66) 

amasTan, sistemis wrfivi nawilis maxasiaTebeli gantoleba, 

wonasworobis mdgomareobis farglebSi ''
kθ  Caiwereba ase:  

0)]([cos)cos()()(" 1222112121
23 =−++++++−Δ λλλααλλμλλμμμ bbb          (1.67) 

vTqvaT (1.59) (1.60) sistemebis parametrebi akmayofilebs 

pirobas: )2,0( πα ∈ ,  ,012 >> λλ  , 02 >b 0)( 12221 <−+ λλλ bb , maSin mas 

gaaCnia wonasworobis izolirebuli mdgomareobebi '
kθ , ''

kθ , 

romlebic ganisazRvreba (1.63) da (1.64) formulebiT, amasTanave '
kθ  
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wonasworobis mdgomareobebi asimptoturad mdgradebia da es 

faqti ganisazRvreba imiT, rom '
kθ  wertilebSi (1.59) da (1.60) 

sistemebis wrfivi nawilis maxasiaTebel gantolebebs aqvs 

fesvebi kompleqsuri sibrtyis fesvebis marcxena Ria naxevar- 

sibrtyeSi [26,27]. 

 

1.5 liapunovis veqtoruli funqciis  

meTodi energosistemis mdgradobisTvis 

 

 arawrfivi da arastandartuli elementebis mqone maRali 

Tanrigis rTul sistemebSi liapunovis erTiani funqciis ageba 

mdgomareobis yvela cvladisTvis dakavSirebulia praqtikulad 

gadaulaxav siZneleebTan. aseTi amocanebis amoxsnis erT-erTi 

gzaa liapunovis veqtoruli funqciis Simotana. liapunovis 

veqtori-funqcia warmoadgens liapunovis ufro martivi funqciis 

( )i ixθ  nakrebs, romelTaganac TiToeuli Sedgenili iqneba sis-

temis (qvesistemis) nawilisaTvis da damokidebulia cvladis 

umcires ricxvze. amave dros, mTeli sistemis mdgradobis uzru-

nvelsayofad, bunebrivia, rom qvesistemebze da iθ  funqciebze 

emateba damatebiTi moTxovnebi. amJamad ufro metad damuSavebu-

lia is meTodebi, romlebSic es damatebiTi moTxovnebi dayvani-

lia yoveli  qvesistemis eqsponencialuri mdgradobis moTxov-

namde [28]. 

iS

energosistemebis dinamikuri mdgradobis gamoTvlebis erT-

erTi etapi dakavSirebulia gamosakvlevi sistemis fazuri 

cvladebis avariis Semdgomi damyarebuli reJimisgan dasaSvebi 

gadaxris agebis aucileblobasTan. rig SemTxvevaSi es amocana 

daiyvaneba gamosakvlevi sistemis modelis avariisSimdgomi mdgo-

mareobis miaxloebiT Sefasebamde. SemoTavazeulia lvf-is 

(liapunovis veqtoruli funqcia) agebis ori saSualeba 

energosistemebisTvis: 
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 1) pirveli saSualeba ganekuTvneba lvf-is agebas luries 

funqciis saxiT (kvadratul funqcias plius arawrfivobis 

integrali). amasTan sistemis sawyisi modeli iSleba rig qvesis-

temebad, romlebic moicaven erTi da igive nawils (mravalmanqa-

nuri sistemis gantoleba).  

 2) meore modeli ganekuTvneba lvf-is agebas sistemis fazu-

ri koordinatebis wrfivi formis modulebis saxis komponentebiT 

da gankuTvnilia iseTi sistemebisTvis, romlebic ar Seicaven 

erTmaneTTan sustad dakavSirebul qvesistemebs. 

lvf-is mixedviT diferencialuri gantolebebis CawerisaT-

vis gaTvaliswinebulia energosistemaSi arsebuli siCqaris 

regulatoris muSaoba da mravalmanqanuri sistemebis daxasiaTe-

bisTvis Semoitaneba Semdegi daSvebebi: 

 1)    sinqronuli manqana icvleba mudmivi emZ-iT, romelsac 

aqvs gardamavali reaqtiuli winaRoba da romelic damokide-

bulia manqanis tipze da misi muSaobis reJimze; 

2) pirveladi Zravebis momentebi iTvlebian mudmivad;  

3) datvirTvaSi aris mudmivi winaRobebi; 

4) dempfireba gaiTvaliswineba mudmivi koeficientiT, 

romelic proporciulia srialisa;  

5) sistemis sqemis sruli winaRobebi da pasiuri 

elementebis gamtarobebi iTvleba wrfivad da ar arian 

damokidebuli elementebis muSaobis reJimze. 

Semdegi daSvebebis safuZvelze arawrfivi mravalmanqanuri 

energosistemis moZraobis gantoleba SeiZleba Caiweros Semdegi 

saxiT [28,29]: 

       ,  0'' =−++ mieiiiiji PPDT δδ &&& ,,1 mi =                       (1.68) 

sadac  dempfirebis koeficientia,  - manqanis RerZze meqani-

kuri simZlavrea,  - inerciuli mudmiva, 

iD miP

jiT 'iδ -i-uri manqanis roto-

ris mobrunebis absoluturi kuTxe;  - aqtiuri simZlavreebia, 

romlebic ganisazRvrebian Semdegi Tanafardobidan: 

eiP
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    2

1
1

sin sin( ' ' )
m

ei i ii ii i j ij i j ij
i
j

P E Y E E Yθ δ δ θ
=
≠

= + −∑ + ,                  (1.69) 

sadac  - aris i-uri siqronuli manqanis emZ;  - manqanis 

TviTgamtarobebi ;  - urTierTgamtarobebi; 

iE ijY

∑
≠
=

+=
m

j
j

ijiii YYY
1
1

ijY iiθ , ijθ  - 

kuTxeebi, romlebic avseben 
2
π
-iT TviT da urTierTgamtarobebis 

kuTxeebs. 

vTqvaT  - aris (1.68) gantolebis mdgomareobis cnobili 

koordinatebi (avariisSemdgomi damyarebuli reJimi). vuSvebT, rom 

, , sadac 

0
iδ

i−δ&0' iii δδδ += ii y='δ& −− iiδ uri manqanis rotoris kuTxis 

gadaxra damyarebuli mniSvnelobidan  da vumatebT ra siCqaris 

regulatoris gantolebas, miviRebT arCeuli energosistemis 

modelis aRgznebuli miZraobis gantolebas: 

0
iδ

   ; ii y=δ&

   iiiiii ydzdy Ψ−−=& ;                       (1.70) 

   iiiiiii yzgylz α−−−=& ,   1, .i m=                    

sadac , , , , ia id il 0≠ig consti −α , - i-uri manqanis rotoris 

brunvis absoluturi kuTxuri siCqarea,  - regulatoris 

koordinata; arawrfivi funqcia 

iy

iz

iΨ  gamoisaxeba gantolebiT: 

   0 0 0 0

1
sin( ) sin( )i ik i k i k ik i k ik

k
k i

aψ δ δ δ δ θ δ δ θ
=
≠

⎡ ⎤= − + − − − −⎣ ⎦∑ −          (1.71) 

sadac ik constθ = . 

advili SesamCnevia, rom (1.70) gantolebas aqvs wonasworobis 

bevri mdgomareoba, rac gamowveulia am sistemis marjvena mxaris 

nawilis  damokidebulebiT kuTxeebis sxvaobaze ki δδ − . amitom 

dinamikuri mdgradobis gamokvlevisas ganixileba e.w. manqanebis 

urTierTmoZraobis gantoleba. mocemul SemTxvevaSi ganixileba  

(1.70) gantolebidan miRebuli Semdegi gantolebaTa sistema: 
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  mii yyu −=& ; 

  'iiiiii ydzay Ψ−−=& ; 

  mmmmmm ydzay Ψ+−=& ;                          (1.72) 

  ')()( iiiiiiiiiii ydlzgaz Ψ+−−+−= ααα& ; 

  ')()( mmmmmmmmmmm ydlzgaz Ψ+−−+−= ααα& . 

sadac mimU δδ −= , , 000
miiU δδ −=

1
0 0 0 0

1

0 0

' [sin( ) sin( )

[sin( ) sin( )];

m

i ik i k i k ik i k ik
k
k i

im i i im i im

a U U U U U U

a U U U

θ θ

θ θ

−

=
≠

Ψ = − + + − − − −

+ + − − −

∑ ]+

k

   

(1.73) 
1

0 0

1
' [sin( ) sin(

m

m mk k k mk k m
k

a U U Uθ θ
−

=

Ψ = + + − +∑ )] , ( 1,1 −= mi ). 
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2. bifurkacia energosistemebSi 

 

2.1. gaormagebis cikli da bifurkacia energosistemebSi 

 

rogorc aRvniSneT bifurkacia – es aris gadasvlebi, 

romlebic SeiZleba moxdes sxvadasxva saxeebs Soris dinamikuri 

qcevidan parametrebis cvlilebisas [34,35]. 

bifurkaciis movleba zogadi cnebaa, romelsac Seesabameba 

SesaZlo topologiuri cvlilebebis qvesimravle da axasiaTebs 

sistemis amonaxsns. zogad SemTxvevaSi gansaxilvel X  amonax-

snTa sivrce SeiZleba daxasiaTdes garkveuli topologiiT. ker-

Zod, romeliRac metrikuli sivrce SeiZleba SevusabamoT -gan-

zomilebis  evklidur sivrces. Teoriul aspeqtSi SeiZleba 

ganvixiloT Ε -ze ufro zogadi sivrce [30].  

n
nΕ
n

||:||| 00 xxfX →=

||)0()0(: Txxf +→

||:||| XXfX a →=

bifurkaciul analizSi gadamwyvet rols TamaSoben gansa-

kuTrebuli amonaxsnebi, romlebic SeiZleba davajgufoT Semdegi 

saxiT:                                                                            

1.  - stacionaluri amonaxsnebi. 0x

2.  - perioduli amonaxsnebi. ||| XX =

3. - pirobiT - perioduli amonaxsnebi. X a

 dinamikuri sistemebisaTvis, romelic aRiwereba Semdegi 

diferencialuri gantolebiT:  

                             ),( pxf
dt
dx

= ,                         (2.1) 

amonaxsnTa simravlis pirveli SemTxveva Seesabameba gantolebaTa 

sistemis 0=
dt
dx

 amonaxsns, romelic warmoadgens  ganto-

lebaTa simrales. 

'( , ) 0f x p =

 meore SemTxvevaSi amonaxsni warmoadgens an martiv, an 

sakmaod rTul zRvrul ciklebs.  
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 zemoT CamoTvlil or amonaxsnTan SedarebiT ufro rTuli 

xasiaTi gaaCnia an pirobiT-periodul amonaxsnebs an atraqtorebs, 

romelTa sazRvrebs gareT traeqtoriebi ar gadian. e. i. X .a X⊂  

ukve naxsenebi gansakuTrebuli amonaxsnebi (1,2,3) xasiaT-

debian im TvisebebiT, rom maTken miiswrafian yvela regularuli 

amonaxsnebi, roca +∞→t   an −∞→t .  

mocemuli amonaxsnebi warmoadgenen struqturul mdgrado-

bas, Tu mezobeli regularuli amonaxsnebi parametrebis 

cvlilebisas iqneba erTmaneTTan sakmarisad axlos [31,32,33,34].  

ganvixiloT diskretuli dinamikuri sistema, romelic moce-

mulia QSemdegi gantolebiT 

)1( nn XVX1nX −=+                      (2.2)                             

 koeficienti marTvis parametria. Tu intervali 0-dan     

4-mdea, maSin nebismieri mniSvneloba 

V

10 ≤ ≤X

2X

 aisaxeba amave inter-

valis romelime wertilSi. V -s sawyisi mniSvnelobis micemis 

Semdeg advilad ganisazRvrebian , ... cnobili formulebiT 

[34,35]. 

1X

 -ze damokidebulebiT bijebis gazrda iwvevs { }-is 

qcevis cvlilebas; roca V <3, maSin { } mimdevroba dadis uZrav 

wertilze, roca 3< < , maSin { } mimdevroba xasiaTdeba 

V nX

nX

1V 2V nX 2=T  

periodiani wanacvlebiT. atraqtorebi xdebian ucnaurni, roca   

-s mniSvneloba uaxlovdeba 3,5699471860-s. aq iwyeba qaosi. 

Tavidan mwyobrad ganSladi xazebi uecrad iqcevian qaosur 

zigzagebad (nax. 1). amasTan ucnauria isic, rom roca V -s 

mniSvneloba uaxlovdeba 4-s, qaosi wydeba. aseTi wesiT miRebuli 

gamosaxuleba aris bifurkaciuli diagrama. Tu mas SevxedavT 

gverdidan, gamoCndeba 

V

X  qaosuri speqtri, romlis dekoratiuli 

Taviseburebanic warmoadgens gamocanas, romlis amoxsna SeiZleba 

mxolod Teoriuli saSualebiT.  

 hopfis Teoriis safuZvelze Semogvaqvs hopfis bifurkaciisa 

da zRvruli ciklebis cneba.  
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 zRvruli ciklebis koncefcia diferencialuri gamtolebe-

bis kvlevidan Camoayaliba a. puankarem. aseT sistemebSi SeiZleba 

miviRoT rxevebi, romlebic ubrundebian sawyis mdgomareobas 

mcire SeSfoTebis Semdeg rxevebis nebismieri fazis dros. 

puankarem aseT rxevebs mdgradi zRvruli ciklebi uwoda. 

sistemebs ki puankares oscilatorebi ewodebaT. 

  

 
 
 
a) 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 

  

 
 
 
 
 
 
 
 
 
 
b) 
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g) 
 
 
 
 
 
 
 
 
 
 

  

 

 
 
 
 
 
 
 
 
 
 
d) 

 
nax. 1 bifurkaciuli diagrama 

  

 Tu CavTvliT, rom sistema iZleva zRvruli ciklis tipis 

rxevebs, maSin SeiZleba gavakeToT winaswari daskvnebi aseTi 
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sistemebis mdgradobis Sesaxeb, miuxedavad imisa, viciT Tu ara 

sistemis aRmweri gantolebebi. 

 imisaTvis, rom vimsjeloT sistemis mdgradobis an ara-

mdgradobis Sesaxeb zRvruli ciklis mdgradobis mixedviT, unda 

davadginoT erTgeneratorian, orgeneratorian da samgenerato-

rian sistemebSi zRvruli ciklebis arsebobis faqti. Tu mcire 

SeSfoTebisas zRvruli cikli ubrundeba sawyis mdgomareobas, 

maSin sistema mdgradia, Tu ar ubrundeba – aramdgradia.  

 Tu dinamikuri sistema damokidebulia parametrze, es para-

metri SeiZleba iyos temperatura, wneva, Zabva da sxva fizikuri 

sidideebi, maSin maTi cvlilebisas sistemis dinamika icvleba. 

 dinamikuri sistemebis parametrebis cvlilebisas SeiZleba 

Seicvalos mdgradobis wertilebis ricxvi da maTi mdgradoba.  

aseTi cvlilebebi  arawrfiv sistemebSi, romlebic damokidebu-

lia sistemis parametris cvlilebaze, warmoadgens bifurkaciis 

Teoriis sagans [34]. 

 

2.2 hopfis bifurkacia energosistemaSi 

 

 arawrfiv dinamikaSi erTi parametris variaciaze damoki-

debuli aramdgradoba warmoadgens mdgrad bifurkacias, vibra-

ciuli aramdgradoba ki aris hopfis bifurkacia. 

 ganvixiloT organzomilebiani sistema, roca sistemis 

dinamika aRiwereba Semdegi saxis gantolebebiT. 

 ),,( 2111 ηXXfX = ,  , 0
11 )0( XX = (2.3) 

                  ),,( 2122 ηXXfX = ,  .          0
22 )0( XX =

 η  parametris cvlilebisas icvleba sistemis xarisxi. am 

mniSvnelobas ewodeba bifurkaciuli mniSvneloba. am wertilebis 

maxloblobaSi xdeba gadasvlebi stacionalur mdgomareobebs 

Soris, stacionalur mdgomareobebsa da zRvrul ciklebs Soris, 

an zRvrul ciklebsa da qaoss Soris. 
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 bifurkaciis magaliTia fizikur sistemebSi zRvruli cik-

lebis gaCena. am dros yiSS +±= ω21 ,  fesvibi ar aris nulis toli 

da kveTs warmosaxviT RerZs ise, rom . am dros Tavidan xde-

ba mdgradi fokusis bifurkacia zRvrul ciklSi. koeficientis 

cvlilebam SeiZleba gamoiwvios zRvruli ciklis aramdgradoba 

(nax.2). 

0≥y

 

nax.2 zRvruli ciklis aramdgradoba 

 

 

nax.3 bifurkacia spiralidan zRvrul ciklze 

 

 Tu erTi namdvili maCvenebeli y  xdeba dadebiTi, maSin 

Zveli zRvruli cikli SeiZleba daiSalos ramodenime zRvrul 

ciklad. xolo imisaTvis, rom igi Semdgom daubrundes sawyis 

mdgomareobas, saWiroa 2-jer meti dro, anu xdeba periodis 

gaormageba, e.i. subharmonikis generacia.  

 nax.3-ze mocemulia bifurkacia spiralidan zRvrul cik-

lebze. dasmuli amocana gadavwyvitoT sistemis aRmweri ganto-

 51



lebebis amoxsniT erTi parametris cvlilebis dros. es ki iZleva 

saSualebas, rom miRebuli Sedegebi ganzogaddes da xelmisaw-

vdomi gaxdes sxvadasxva msgavsi sistemebis kvlevisaTvis [34].  

 hopfis bifurkaciuli Teorema organzomilebiani sistemisa-

Tvis ( 2R ) Camoyalibdeba Semdegnairad: 

 vTqvaT, funqcia  da  4-jer maincaa diferencirebadi 

TiToeuli argumentiT da 

1f 2f

4.0. 0)4.0.0()0( 21 == ff  yvela namdvili η -

Tvis. CavTvaloT, rom 0([Re 0 >λ )]<η
ηd
d

, maSin:  

1) arsebobs 2-jer diferencirebadi R→− ),(, εεη . is, rom 

sawyisi wertili ))(,  Zevs 0,( 0
1

0 XX η )(2 ηπ X  periodian Caketil 

traeqtoriaze, romlis radiusic izrdeba ise, rogorc η , roca 

00
1 =X , 0)0( =η .  

2) arsebobs (0,0,0) wertilis V  are 3R -Si, ise, rom nebismieri 

Caketili traeqtoria U  areSi aris zemoT miTiTebuli saxis 

erT-erTi Caketili traeqtoria. 

3) Tu `0~ wertili atraqtoria, roca 0=η . maSin 0)  

yvela 00
1 ≠X -Tvis da Caketili traeqtoriebi miizidebian. 2

( 0
1 >Xη

R  

sistemaSi Caketil traeqtoriad iTvleba nebismieri *X , 

akmayofilebs pirobas XTtXtX =+= )()(  nebismieri 0>T  

droisaTvis. wonasworobis wertilebi Caketili traeqtoriebia. 

hopfis TeoriiT η -s 0-dan daSorebisas traeqtoriebma SeiZleba 

Seicvalon qcevebi, rac damokidebulia koordinatTa saTaveSi 

iakobis matricis sakuTari mniSvnelobis namdvili nawilis 

sidideze. 

 pirveli piroba niSnavs koordinatTa saTaveSi bifurkacias 

gansazRvrul radiusian Caketil traeqtoriaSi )(~ η . rodesac 

meore pirobidan 0=η , maSin wertili iyo mimzidveli. xolo 

sawyisi traeqtoriebi, warmoSobili fiqsirebuli wertilebidan, 

Tavad miizidaven. 
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2.3 hopfis bifurkacia erTgeneratoriani sistemisTvis 

 

 erTgeneratoriani sistema warmovidginoT Semdegi saxiT: 

   ))sin((sin *** δδδ Δ+−= K
dt
dS

,                      (2.4) 

   )(tS
dt

Sd
=

Δ
. 

wonasworoba ganisazRvreba Semdegnairad:  

   ;   0)( =tS 0))sin((sin *** =Δ+− δδδK ,             (2.5) 

)20,0( kπ+  wertili wonasworobis wertilia. gamovikvlioT (0,0) 

wertili. gardaqmnebis Sedegad miviRebT [26,34]: 

   **cos δδ Δ= K
dt
dS

, 

   S
dt
S
=

Δ
                                         (2.6) 

 

nax. 4 gadagvarebuli kvanZi anu aramdgradi wonasworoba 
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nax. 5 mdgradi kvanZi 

 

 

 

nax. 6 aramdgradi mdgomareoba 
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nax. 7 neitralurad mdgradi mdgomareoba 

 

anu matriculi saxiT tS =Δ ),( δ  

   ⎥
⎦

⎤
⎢
⎣

⎡
Δ⎥⎦

⎤
⎢
⎣

⎡ −
=⎥⎦

⎤
⎢⎣
⎡
Δ δ

δ
δ

SKS
dt
d

01
cos0 * .                    (2.7) 

λ -s mimarT maxasiaTebel gantolebas aqvs saxe:  

        0
1

cos
det * =

−
−−

λ
δλ K

                            (2.8) 

anu ; 0cos *2 =− δλ k

aqedan  

*1 cosδλ k= ,  *2 cosδλ k=    21 λλ = . 

radiusi iqneba k . maSin gveqneba oTxi SemTxveva: 

1. ; 0>k 021 >= λλ  - gadagvarebuli kvanZi – aramdgradi wonaswo-

roba. amonaxsns aqvs saxe (nax. 4): 

 , . tectS λ−= 2)( tcet λδ −=Δ )(

2. ; 0>k 021 <= λλ  - mdgradi kvanZi – amonaxsns aqvs saxe: 

 ,  teCtS λ−= 1)( teCt λδ −−=Δ 2)(

da isini akmayofileben (2.5) gantolebas (nax. 5). 
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3. ; 0=k 021 == λλ  - aramdgradi mdgomareoba. (nax. 6). 

zogad amonaxsns aqvs saxe: 

         tCC 21 +=Δδ ;  2CS = ; 

4. ; 0<K 21 λλ −=  kompleqsuri fesvebia. miviRebT cikls – 

neitralurad mdgradi mdgomareoba (nax. 7). 

 e.i, roca 0>k , gvaqvs wonasworobis mdgradi mdgomareoba 

(nax. 5). -is dros _ aramdgradi (nax. 6). roca  _ sistema 

gadadis rxevis reJimSi. is ar aris mdgradobis dakargva, anu 

hopfis bifurkacia.  

0=k 0<k

 urTierTdamikidebuleba S-sa da δΔ -s Soris yvela 

SemTxvevisaTvis gamosaxulia egm-ze modelirebiT (danarTi). 

 

 

 

2.4 hopfis bifurkacia orgeneratoriani energosistemisaTvis 

 

 orgeneratoriani sistema aRiwereba Semdegi gantolebaTa 

sistemiT: 

  

1 1 2 12
*1 *2 *1 *2 *2

1

1 1
*1 *1 1 1 1

1

[sin( ) sin( )]

[sin sin( )]U

dS E E I
dt I
EUI T S

I

δ δ δ δ δ

δ δ δ

= − − + Δ −

+ − + Δ −

+

           (2.9) 

[ ]2 1 2 12
*1 *1 *2 *2 *1 *2

2

sin( ) sin( )dS E E I
dt I

δ δ δ δ δ δ= + Δ − −Δ − − +  

  [1 1
*2 *2 *2 2 2

2

sin sin( ) .uEUI T S
I

δ δ δ− + Δ −]                                           (2.10) 

SemovitanoT aRniSvnebi: 

1
2

1221 K
I

IEE
= ; 2

1

11 K
I
UIE U = ; 

(2.11) 
3

2

1221 K
I

IEE
= ; 4

1

11 K
I
UIE U = . 

Tu (2.11) aRniSvnebs SevitanT (2.9)-Si, miviRebT: 
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[ ]+Δ+−Δ+−−= )sin()sin( 2*2*1*1*2*1*1
1 δδδδδδK

dt
dS [ ]2 *1 *2 *1 1sin sin( ) ;K Tδ δ δ− +Δ − 1S  

(2.12

[ ]+−−−Δ+= )-sin()( 2*1*22*11*3
2 δδδδδδK

dt
dS [ ] 222*2*2*4 )sin(sin STK −Δ+− δδδ . 

aRvniSnoT 1
1 S

dt
d

=
Δδ

2
2 S

dt
d

=
Δδ

                                  (2.13) 

wonasworebis wertili iqneba: 

        )0,0,0,0(),,,( 2211 =ΔΔ δδ SS                   (2.14) 

da am wertilis areSi sistemas eqneba saxe: 

+−Δ⋅−Δ−⋅−= 1111*212*1*1
1 )cos()cos( STKK

dt
dS

δδδδδ 22*1*1 )cos( δδδ Δ−K ; 

−−Δ⋅−Δ−−= 2222*422*1*3
2 )cos()cos( STKK

dt
dS

δδδδδ 22*1*3 )cos( δδδ Δ−K . 

veqtoruli saxiT ),,,( 2211 δδ ΔΔ SS -Tan mimarTebaSi sistema 

Caiwereba Semdegi saxiT: 

( )

( )
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

Δ

Δ
×

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+−−−−

−+−−−

=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

Δ

Δ

2

2

1

1

2*42*1*32*1*32

2*1*31*22*1*11

2

2

1

1

0010
cos)(0)(

0001
)(0cos)(

δ

δ

δδδδδ

δδδδδ

δ

δ

S

S

KKKT

KKKT

S

S

 (2.16) 

aqedan, maxasiaTebel gantolebas eqneba saxe: 

( )

( ) =

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−
+−−−−−−

−+−−−−

λ
δδδλδδλ

δδδδδλ

110
cos)cos()(

0001
)(0cos)(

2*42*1*32*1*32

2*1*11*22*1*11

KKKT

KKKT

 

( )

−

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−−−
−
+−−−−

×−=
λδδ

λ
δδδλ

λ
)(

01
0cos)(

2*1*32

1*22*1*11

KT

KKT

 

)cos()cos()cos(
01

)cos()cos()cos(

2*42*1*32*1*32

2*1*11*22*1*11

δδδδδ
λ

δδδδδλ

KKKT

KKKT

−−−−−
−

−+−−−−
−   (2.17) 

 

33×  determinantis amoxsniT da gamartivebiT miviRebT: 

 

) (2.12) 

(2.15) 
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   −−++−++ )cos()cos())cos(( 2*1*31*22*1*1
23

1
4 δδδδδλλλ KKKT

  −−+−++− ))cos()cos(()cos( 2*1*22*1*312*4 δδδδλδ TKTK  

  +−+−⋅−− ))cos(()cos()cos( 2*1*12*1*12*1*3 δδδδδδ KKK  

  0))cos()cos(()cos( 2*42*1*31*2 =+−⋅+ δδδδ KKK                    (2.18) 

 Tu miRebuli maxasiaTebeli gantolebis amoxsnis Sedegad 

 mniSvnelobebs aRmoaCndaT wyvili SeuRlebuli komp-

leqsuri fesvebi, sistemaSi adgili eqneba hopfis bifurkacias, 

e.i. egm-ze modelirebiT fazur sibrtyeze miviRebT zRvrul cik-

lebs, romelTac fazur sivrceSi Seesabameba tori (nax. 8). 

,,,, 4321 KKKK

 upirvelesad ganvixiloT mTlianad es sistema analizurad. 

gavarkvioT, parametrebis mocemuli mniSvnelobebis dros 

maxasiaTebeli gantoleba iZleva Tu ara kompleqsur fesvebs. 

Semdgom is amovxsnaT egm-is saSualebiT da miviRoT fazuri 

portreti: 

                ;2111221
2 δδδ Δ+−Δ+Δ−= XSTXXX

dt
dS

 

       ;)(
1

1 S
dt

d
=

Δδ
 

(2.19)

                ;21222413
2 δδδ Δ+−Δ−Δ−= XSTXXX

dt
dS

 

       2
2

( ) .d S
dt
δΔ

=                                        

sadac 

);cos( 2*1*11 δδ −= KX  1 2 *1cos( );X K δ=  

);cos( 2*1*33 δδ −= KX  );cos( 2*44 δKX =  

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

Δ

Δ
×

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−−−
−

−−−

=

⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢

⎣

⎡

Δ

Δ

2

2

1

1

4323

2

1211

2

2

1

1

0100
0

0)(01
0

δ

δ

δ

δ
S

S

XXTX
TO

XXXT

S

S

                 (2.20) 
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1 2 1

3 2 3 4

( ) 0
1 0 0

0,
0 (
0 0 1

T X X X

X T X X X

λ
λ

λ

− − − −⎡ ⎤
⎢ ⎥−⎢ ⎥

)
=

⎢ ⎥− − − −
⎢ ⎥−⎣ ⎦

 

−

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

−−
−
+−+−

−
)(0

01
0)()(

23

211

λ
λ

λ

λ
TX

XXT

 

0
)(0

01
)(

433

1211

=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

+−
−
+−+

−
XXX

XXXT
λ

λ

 

[ ]++++++ ))(())(( 12121 λλλλλ TXXTT  

))(())(( 432131431 XXXXXXXXT +++−+++ λλ  

0234 =++++ edCb λλλλ                                           (2.21) 

21 TTb +=   432121 XXXXTTc +++++=  

143221 )()( TXXTXXd +++=   )( 43241 XXXXXe ++=   

 

 

 

nax. 8 orgeneratoriani sistemis fazuri tori 
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mivaniWoT parametrebs mniSvnelobebi, CaTvaloT, rom  da 

 da amovxsnaT miRebuli maxasiaTebeli gantoleba: 

101 =T

52 =T

2940,09801,03,0)cos( 2*1*11 =⋅=−= δδKX  

2735,06216,044,0)cos( 1*22 =⋅== δKX  

3920,09801,04,0)cos( 2*1*33 =⋅=−= δδKX  

5048,07648,066,0)cos( 2*44 =⋅== δKX  

b=15; C=50+0,2940+0,2735+0,3920+0,5048=1,4643 

11,8055100,5048)(0,392050,2735)(0,2940d =⋅++⋅+=  

3937,0)5048,03920,0(2735,05048,02940,0 ⋅+⋅+⋅=e  

(2.9) gantolebis fesvebi emTxveva 

                         ( ) 0
2 1

2 =
−

++++
a

dbYYab λλ               (2.22) 

kvadratuli gantolebis fesvebs, sadac 

                         cbYa 48 2
1 −+±=                        (2.23) 

xolo  akmayofilebs gantolebas: 1Y

                         (2.24) 0)4()82(48 22
1

23
1 =−−+−+− dbCeYebdCyY

da es gantoleba kuburi gantolebis romelime namdvili fesvia. 

(2.22) ase gadavweroT: 

                          (2.25) 000
2

0
3

0 =+++ dXCXbXa

sadac  1YX = ;   ;   80 =a 86,20540 −=−= Cb ; 015,351820 =−= ebdC ; 

. 90524( 2
0 == dCed ,146−)2 −− b

Tu (2.25)-s gavyofT -ze da SemovitanT axal cvladebs Semdegi 

saxiT:   

0a

    5775,8
3 1

0

0 −=+= Y
a
b

XY ,                        (2.26) 

miviRebT Semdegi saxis kubur gantolebas: 

                                   (2.27) 0233 =++ qPYY

sadac   

948558
93 2

0

2
0

0

0 =−=−=
d
b

a
C

P  
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9653,451
2627 0

0
3
0

00
3
0

3
0 =+−=

a
d

a
Cb

a
b

q  

(2.27) gantolebis diskriminanti 1075−=+= pqD <0. radgan D<0, 

amitom mocemul gantolebas sami namdvili fesvi aqvs. erT-erTi 

maTgani Semdegi saxisaa: 

     ,
3

cos2 ϕrY =                              (2.28) 

sadac ;6778,79485,58 −−=−= pr  

;9977,0
9902,452
9653,451cos 3 =

−
−

==
r
qϕ     ,49977,0arccos 0==ϕ

;9977,0201cos
3

cos '0 ==
ϕ

    351,159977,06778,72 =⋅⋅=Y  

(2.26)-is Tanaxmad 

9285,235775,8351,155775,81 =+=+= YY  

(2.25)-is mixedviT 

511,1486,205225428,191 =−+±=a ; 

7555,14
2

1 =
+ ab

,           7555,14
2

2 =
+ ab

                         (2.29) 

8498,47
1

1 =
−

+
a

dbY r ,       037,0
2

1 =
−

+
a

dbY r  

(2.20)-sa da (2.25)-is Tanaxmad gvaqvs ori gantoleba: 

                      (2.30) 08498,477555,142 =++ λλ

                        (2.31) 00370,02445,02 =++ λλ

(2.30)-Tvis miviRebT:   

5655,23778,72,1 ±−=λ  

xolo (2.31)-Tvis  

1483,01223,04,3 ×±−= iλ  

amgvarad miviRebT Semdeg mniSvnelobebs:  

;8123,41 −=λ    ;9433,92 −=λ  ;1483,01223,03 i+−=λ ;1483,01223,04 i−−=λ  

zogadi amonaxsni romelime cvladi sididisaTvis Caiwereba 

Semdegnairad: 
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=+++= tttt eeee 4321
1111

λλλλ ξξξξξ  

=⋅⋅⋅⋅= −−−− ittttt eeeee 064,1
1

0034,0
1

0034,0
1

0044,50
1

0012,0
1 ξξξξξ  

++⋅++= −−− )0641,1sin064,1(cos003425,0
1

0044,50
1

0012,0
1 titeee ttt ξξξ  

)064,1sin0641,1(cos0034,0
1 tie t −+ −ξ                                     (2.32) 

0=t  momentSi miviRebT Semdeg gantolebebs: 

          1;Xξ =   2;d X
dt
ξ
=   

2

3;d X
dt
ξ
=   43 .d X

dt
ξ
=                  (2.33) 

 amrigad, roca sistemis maxasiaTebel gantolebas namdvil 

fesvebTan erTad aqvs kompleqsuric, maSin masSi mosalodnelia 

harmoniuli rxevebis arsebobac, romlebsac fazur sivrceSi 

zRvruli zedapiri anu ciklebi Seesabameba. 

 analitikuri gamokvlevebidan Cans, rom am dros orgenera-

to-rian sistemaSi miiReba hopfis bifurkacia. 

 

2.5 hopfis bifurkacia samgeneratoriani sistemisaTvis 

 

 imisaTvis, rom vaCvenoT sixSiruli areebis hopfis 

bifurkaciis Teorema mZlavri eleqtrosistemebisaTvis, 

gamoviyenoT igi samgeneratoriani sistemisaTvis. gantolebebi 

gadavweroT Semdegi saxiT: 

++−++ )sin()sin()sin(2 21321231121 θθθθ DDDQ&& 12132123 )cos()cos( PCC Δ=−− θθθ     (2.34) 

++−++ )sin()sin()sin(2 11212232131 θθθθ DDDQ&& 21121223 )cos()cos( PCC Δ=−− θθθ     (2.35) 

sadac ;;;; 132121132121 PPPPPP −=Δ−=Δ−=−= δδθδδθ  1δ  da  Sesaba-

misad aRniSnavs manqanur kuTxes da simZlavres. 

1P

 SeiZleba ganisazRvros parametrebis mniSvnelobebis jgufi, 

romlebic Seesabameba bifurkaciis wertilebs konservatiul 

sistemaSi da miiReba hopfis bifurkaciis indikatori. bifurka-

ciis am wertilisaTvis parametrebis mniSvnelobebi mocemulia 

cxrilSi: 
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