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3acegaHue IPOBEJICHO:
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HEKOMMEPYECKHX Lensax BianeeT I py3uHckuil TeXHu4ecKkuil Y HUBEpCUTET.
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JIOITyCKAlOTCA MepeneyaTaHie Wid pernpoayKIus JpyTuM METOA0M paboThl B IIEJIOM, a TaKXkKe ee
OTJENIbHBIX KOMIIOHEHTOB.
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IMMPUHATO PH BBINIOJIHCHUN HAYYHBIX pr,[IOB).
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C xaxmoil yHUBepcadbHON anreOpoit (anreOpandeckod CHUCTEMOM) A CBS3BIBAIOTCS
HEKOTOpbIe MPOM3BOJHBIE OT Hee OOBEKTHI (CUCTEMbI). DTO, B MEPBYIO OUYEpEe/b, MOIYrpyIIa
Bcex 3HIOMOpdu3MoB End[A], rpynna aBromMoppusmMoB Aut[A] m pemerka (CTpyKTypa) Bcex

nomanredp Sub[A].

3HauMTENbHAS YaCTh anreOphl - 9TO UCCIEAOBAHNE B3aUMOICHCTBUN MEXKIAY YHUBEPCATBLHOM
anreOpoii ¢ ux sHAOMOpdU3MamMH H aBTOMOpdm3MamMu. M3ydaroTcs, TaKKe CBSI3U MEXKIY
MOBEJICHUEM DJIEMEHTOB (OTepaluii) B anreOpanveckoil CHCTeMe W TOBEIACHUEM TIOJICHCTEM.
WccnenoBanust 1Mo 3TOW TEMAaTUKE MPOBOJMIUCH B a0CTPAKTHBIX U TOMOJOTHUECKUX TPYIIax U

KOJIBLIAX, B MOJIyTpymnax, anredpax Jlu u 1.1.

CpaBHUTENBHO OOJBIION OMBIT W3YYEHHUS CBS3CH MeXIy anreOpanyeckoill CHUCTEMOW u
pEIIeTKO ee TOJCHCTEM HAKOIUIeH B Teopuu rpynn. [lo sTomy moBoay cM. MOHOTrpaduu
M.Cynzyku [1] u P.llImMunra [2] 1 muTHpOBAaHHYIO TaM JUTEPATYPy (CM. Takxke 0030psl [3,4]).

OtHocurenbHO anre6p JIu cm. 0630ps1 A A Jlaxmm [5,6].
Jlyst 6osiee MOTHOTO MpEICTaBIICHUs KapTHHBI ¢M. [7-61 ], a Takxke paboThl aBTOpa [62-68].

Wneonorus paboT mo pemeToyHbIM BOIPOCAM YHUBEPCAIBHBIX ajare0p MOATBEPKIAeT, YTO
UCCIICIOBAHMs CBSI3€M MEXIy CTPOCHHMEM anreOpbl MU CTPOCHHEM pEHIeTKH ee Mojanredp

SBJISICTCSI MHTEPECHBIM U BaYKHBIM HAIpaBJICHUEM B 0011eil anredpe.

Hacrosimass pabota OTHOCHTCS K OTMEUEHHOW BBIIIE, HAMPABICHHUIO, KOTJAa B KadyecTBE

YHHMBEpCaJIbHOU anreOphl BEICTynaeT W-creneHHas rpymnna Xosia u anredpa Jlu.

[Tonsatue nuckperHoit W-cremennoil rpynmsl BBen @.Xomr. OH xe 0000mmMa A7 HHUX
HEKOTOpbIE pPE3yJbTaTbl U3 TEOPUM HUJIBINOTEHTHBIX TIpynn. 3HaueHue W-CTeneHHbIX
HWIBIIOTEHTHBIX TPYIN B 0OIIel Teopuu aOCTPaKTHBIX I'PYII ONPENENseTcs TEM, YTO BCAKas
KOHEYHO MOPOX/IE€HHasi HWIBIIOTEHTHAs rpymnna 0e3 Kpy4deHusl BKJIa/IbIBaeTCs B HEKOTOpylo W-

CTEIEHHYIO IPyIIIy.

B nacrosimee BpeMsi uMmeercst psn paboT, B KOTOPHIX M3Y4aroTcs CBOMCTBA W-CTENEHHBIX
TPyIIIL.

Oom1ast Teopust W-creneHHbIX rpynn Obiia pazsuta X.X.MaromaessiM, A.J[. TaBagze (1976),
AJLUImenskunbvM (1979), M.I'.Amarno6enu, B.H.PemecnennukoBbim (2000), M.I'.Amario-
oemm (2001), A.A.Jlamxu u T.3.bokenaBaaze (2005-2008).

[IpuBeneHHble Bbllle CcOOOpa)keHHs YKa3bIBAlOT Ha CBoeoOpasue U  aKTyallbHOCTb

UCCIIEIOBaHMUs CBOMCTB W-rpynm, mpuyeM IenecooOpa3HO pacCMOTpeTh Kak oOmuil ciaydai
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OMHOMHUANIBHOTO KOJbIAa (B 3aBHUCHUMOCTH OT 3aJauM), TaK M HEKOTOpbIE YacCTHBIE CIy4aw -

KOJbLla I''IaBHBIX NACAJIOB, I10JIA, (l)aKTOI)I/IaJ'IBHLIC KoJbLa U T.1.

C npyroii CTOpOHBI, M3y4Y€HHE CBOMCTB (yHUBEPCAIBbHBIX) anreOp, B YaCTHOCTH, TPYIIII,
anreOp JIu U T.1. MOKHO TIPOBOJMTH OMHUPAsCh HA TE WM WHBIC MCXOJIHBIC CBOMCTBa. B psime
UCCIICIOBAaHUI peIIaeTcsl Cleaylomas 3agada: M3y4YHTh BIMSHHE CBOWCTB MHOMKECTBA BCEX
nojnainredp (moArpymnm) Ha cBoicTBa camMoil anreOpsl (rpymmbl). TemM caMbIM  BBISCHUTD,
HACKOJIbKO TIOJTHO TEOPETUKO-MHOKECTBCHHBIC OIEpalid, 3aJaHHble Ha MHOXECTBE BCEX

nojanre0p (MOArpyII) ONpeeNsIoT CBOWCTBA alNre0pandyeckux oneparui.

Bce »710, a Takxke paboTel [5,6,28,33] moaTBep)KOaeT aKTyalbHOCTh HCCIeloBaHus W-

CTETIEHHBIX Ipyni U anre6p JIu Ha GoHe pemeTKy ee NoArpyIN 1 moaanreop.

Ileabio  padoOThl SBISIETCS HU3YYUYCHUC W-cTenneHHBIX HUJIBIIOTEHTHBIX rpynit Xonnma wu

HWIBIOTEHTHBIX anre0p JIlu ¢ pemeroyHON TOUKM 3PEHUS U BBIABICHHUE CBS3€H MEXIY

cTpoeHueM W-crenenHol rpynnsl G u anreops! JIu L v cTpoeHHEM pELIeTKH BCEX €€ MOATPYIIIT
ZL(G) n nopanredp L(L).
B wactHOCTH:

(1) WUccnenoBanne pemieTOYHBIX M30MOP(PU3MOB W-cTeneHHbIX rpynn W turedp JIu Han

O6H_II/IMI/I OMHOMUAJIBHBIMU KOJbLIaMH,

(2) dokazarenbCTBO OCHOBHOM T€OPEMBI MPOEKTUBHOM T€OMETPHH JIJIsl 2-HWIIBIIOTEHTHBIX W-

CTETEHHBIX IpynM U anre6p JIu Hax KOJbLaMU IVIaBHBIX UJI€aJOB.
O0bekTaMM HccIeJ0BAHMA SIBISAIOTCS W-creneHHas rpynmna G, pelierka ee HOArpyIn

ZL(G) v perieTouHble H30MOP(MU3MBI, a TAKIKE aHAIOTHYHBIE 3a1a4u Uit aareop Jlu.

Metoabl ucciaenoBanusi. B nuccepraniioHHONW paboTe NPUMEHSIOTCS METOIBI OOIIei

TEOPHH TPYTII, TEOPUH KOJIEIl U PeIIeTOK, Teopuu anredp JIu.

Bce ocHOBHBIC pPE3yJbTaTbl OUCCCPTALIUU SABJIAOTCA HOBBIMA W TIOJYYCHBI AaBTOPOM

€IUHOJINYHO.

Pabora HOCHT TeopeTHdeckuii xapakTep. Ee pe3ynbrarsl U pa3palOOTaHHBIC B HEH METOIbI
MOTYT OBITh NMPUMEHEHbl B AANbHEHIIMX MCCIENOBAHUSAX IO TEOPUH W-CTENEeHHbIX TPYIIIL,
anreOp Jlu u Teopuu pemeTok, a TaKkKe A MPOBEICHHs CIEIKYPCOB U CIIELICEMUHAPOB IS

CTYJICHTOB CTapILIMX KYpCOB, MarCTPAHTOB U aCIIUPAHTOB.

Annpo6auus. OCHOBHBIE pe3yJibTaThl JUCCEPTAIMOHHON pabOThl MOKIAABIBATNCH Ha

Hay4YHbIX ceMuHapax TOummucckoro, Kyraucckoro u batymckoro Yuusepcuretos, [ py3uHCcKoro
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TeXHUYEeCKOTO YHHUBEPCUTETA; PECIyONMKAHCKUX MaTeMaThdeckux KoHdepeHrusax (Towmmucn,
1977, 2001, 2005); wmexayHapoaHoil konpepenuuu "Group Theory Methods in Physics and
Mathematics" (barymu, 2003); MexayHapoHOU anrebpandeckoil KOHQEpEHIUH, MTOCBSIIICHHON

100-neturo npod. A.I1.Kypoma (Mocksa, 2008, noxnagunk A.Jlamxu).

[To Teme muccepTanvu aBTOPOM OMYOJIMKOBAHO 7 HAy4yHBIX PabOT: CIUCOK CM. B KOHIIE

JICCEPTALINH.

JluccepranuonHas paboTa COCTOMT W3 BBEJEHHS, CEMH maparpadoB M CIHMCKa JUTEPATYPHI.
OTMeTHUM, YTO /IS TMOJTHOTO TIPEICTABICHNS KapTUHBI B OMOIHOrpad i mpuBeAeH CITUCOK padboT

OTHOCHUTEIBbHO W-CTEIEHHBIX rpyai u aﬂre6p JIn ¥ cMEXHBIX BOIIPOCOB.

[Tepetinem k Gosiee qETATHPHOMY H3JI0KCHHIO.

Ecnu G-rpynma, to pemietky Sub G Oynem o6o3Havath uepe3 £(G). Beskoe msomophHoe

orobpaxenue ¢:L(G)—>LG') pemerku L(G) na petterky noarpynn £(G') HEKOTOpO# APyToi
rpynnsl G’ Ha3bIBAIOT PeIIeTOYHBIM H3oMopdu3mom rpynn G u G’ unn npoekrupoBanuem G Ha
rpynny G'.

B stom ciyvae rpynmsl G 1 G’ Ha3bIBaIOT PEIIETOYHBIMU M30MOP(HBIMHU, WX €IIIe TOBOPAT,
yro G' ecth 00pa3 rpymnmsl G mpH peneTouHoM u3oMoppusmMe ¢. B nanpHeiiem o6pa3 rpymiisl
G npu pemeroyHoM usomopdusme ¢ Oyaem oGosHayate uepe3 G?. Jlajeko He Bcerma
pemeToYHble N30MOp(HBIE TPYNITBI OKa3bIBaloTCS N30MopdHbIME. HanpuMmep, Bce UKITMYECKUE
IPYNIbI MPOCTHIX MOPSJIKOB PELUIETOYHO M30MOP(HBI, HO, KOHEUHO, HE U30MOp¢HBL. C npyroii
CTOPOHBI, CYIIECTBYIOT I'PYyMIIbl, KOTOPbIE N30MOP(HBI JHOOOMY CBOEMY pEIIETOYHOMY 00pasy.
HeiictButensHo, ecnu G - OECKOHEYHAs NMKIWYECKas Tpylna, TO HpU JIOO0M PEenIeTOYHOM
nsomophusme ¢ rpymmna G Oynem Takke 6ECKOHEYHON IMKINYECKOH, T.e. G 1 G¥ n30MOp(QHEL.
B ciyuae, ecnu mo0oii pemetounslii 00pa3 rpynmnsl G uzomopden G, To ropopsrt, uro rpynmna G

OTIPENIETISICTCS PEIIETKON CBOMX MOATPYMI (PEIIETOYHO OMPEACIISIETCS ).

Kpowme Toro, He 1 Besikod rpynnbsl G U HE JUIS BCSIKOTO €€ PeIIeTOYHOTr0 u3oMopdusma ¢,
Jla’ke TIPU yCIIOBUH, 4TO G ONpeAensieTcs peleTKol CBOMX NOATPYII, CYIIECTBYET H30MOp(hu3M
rpymt G u GY wnpynupyrommit  pemietouHblii uzomMophusM @. Kak yke yKa3bIBanoCh,
OeckoHEYHasi IUKJIMYECKasl TpyIa ONpeAessseTcss PEeleTKON CBOMX MOATrpYMI, OJAHAKO JIETKO
YCTaHOBHUTb, YTO CYLIECTBYIOT pPELIECTOYHbIE aBTOMOP(U3MBI OECKOHEYHOH LMKINYECKOM
IpyNIbl, HE MHAyLUpyemble ee aBToMop¢uzMamu. [losToMy B TOM ciydae, KOTa KaxJbli

peleTouHbI n3oMophusM @ rpynnsl G MHIYLUpPYETCs XOTs Obl OTHUM U30MOp(U3MOM (Takue
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IpYNIbl CYIIECTBCYIOT: a0eyeBbl, HO HE JIOKaJbHO LUKIMYECKHE, I'pyNnbl 0e3 KpydeHwus,
CBOOOJIHBIE TPYIIIBI U Jp.), TO TOBOPSAT, YTO Ipymnia G CTPOro ONpenensercsl peneTkoil cBoux

noArpynn uiu s G cnpaBeuiiBa OCHOBHAsI TEOpEMa IPOEKTUBHON N€OMETPUH.

B nanHo#i paboTe uccnenoBaHus MO PEHIETOYHBIM M30MopduzMam W-rpynn u anrep Jlu

BCAYTCA 1O CIICAYIOIIUM OCHOBHBIM HAIIPABJICHUSAM.

A. U3yyaiorcs ycioBuUs, IPU KOTOPBIX rpymma u anreOpa JIu ompenensiorcss permeTKon
CBOMX HOArpynmn u nopaiaredp. OcoOblil HHTEpEC 37eCh MPEACTABISIOT CIydau , KOTAa Ipymmna

CTPOTO ONPEAEIAETCS 3TOU PEIETKOM.

B. Uccnenyrorcst abcTpakTHBIE TEOPETHKO-IPYIIIOBBIE CBOMCTBA, COXPaHSIOUIMECS IpU
peleToYHbIX n3oMopdusmax rpyni. Kpome Toro, BeIBIsSETCA, KOTJa 3TH CBOWCTBA MOTYT OBITh
BBIP@)KEHBl B TEPMUHAX PEIICTKU MOATPYNI JAHHOW rpynmsl. B 3Tom ciydae roBopAr, 4ToO
JAHHOE CBOMCTBO JIONYCKAeT PELIETOYHYIO XapaKTepUCTUKy. HaxoxaeHue pereTouHbIxX
XapaKTEePUCTHK CBOMCTB MBI paccMaTpUBaeM KaK OCHOBHYIO MpoOJeMy, a JO0Ka3aTelbCTBO

peIIEeTOYHON MHBAPUAHTHOCTH - KaK MPOMEKYTOUYHBIN 3Tall K YKa3aHHOM TJIaBHOM 3a/1a4e.

C. Usyyaerca noBeleHNE TE€X WM MHBIX XapaKTEPHBIX MOATPYNI AAHHOM I'PyIIBI IIPU €€
peleTouHbIX n3oMopdu3Max. BrIsicHAETCS, B KaKMX CIy4asX MOXHO MOJYYHUTh PEHIETOYHYIO
XapaKTepUCTUKY ATUX MOArPYII, T.€. MPU KAKUX YCIOBMSIX MOXKHO BBIACIUTDH 3TH NOATPYIIIbI

Kak "ocoOble" 37IEMEHTHI B PELIETKE BCEX MOATPYIII JAHHOM TPYIIIIHI.

OcHOBHOE BHMMaHUE KOHIICHTPUPYETCs Ha W-cTeneHHbIX rpynmnax u anredpax Jlu 6nm3kux

K a0eJIeBBIM - HIIBIIOTEHTHBIX Ki1acca 2.

[Taparpader 1 uw 2 HOCAT BCIIOMOTATENbHBIM XapakTep M B HHUX H3JIOKEHBI HEKOTOPHIC

M3BECTHBIC (PaKThI 0 W-cTeNneHHbIX Tpynnax u aaredpax JIu ¢ pemeroyHon TOUKu 3peHusI.

B naparpage 1 kpome TOro pokazaHa Teopema O PeIIETOYHBIX M30MOpP(HU3MAX TBYMEPHBIX
MOJyJIeH HaJ| KOJbLAMH IJIaBHBIX MAEaJOB. JTOT (DaKkT B JalbHEHIIEM CBhIIPaeT BaXKHYIO POJIb
IIPY U3yYEHUU CIIPABEIJINBOCTH OCHOBHOM TEOPEMBI IPOEKTUBHOM F€OMETPUH AJIs1 TPEXMEPHBIX

yucThIX W-rpynn u anreop Jlu.

B maparpade 3 nokazana TeopeMa O CTPOTOil pEHIETOYHOW ONPEAETSIeMOCTH YHCTBIX

TpeXMepHbIX anredp Jlu.

N3yueHn Bompoc O pemeTovyHoN OmpenensieMOCTd (B HECTPOTOM) CMBICIIE HHJIBIIOTEHTHBIX
Kjlacca 2 CTemeHHbIX rpynn u anredbp Jlu Haxg oOmMMHM KOJIbLIAaMU: CYHIECTBOBAaHHE

MONYJIMHEHHOTO U30MOp(H3Ma MPU HATUYUH PEIIETOYHOTO n3oMopdusma (maparpad 4).



OcHOBHasi TeopeMa MPOEKTUBHONW T'€OMETPUHU JUIsl YUCTHIX HUJIBIIOTEHTHBIX Kiacca 2 W-

CTETIEHHBIX IPyMI 03 OrpaHMYEHMs Ha pa3MEPHOCTH JI0Ka3aHa B naparpade 5.

PemeroynsiM n3oMopdu3smMamM CMEIIaHHBIX HUJIBINOTEHTHBIX Kilacca 2 U n=>3 W-cTeneHHbIX
rpynmn u anredp Jlu mocBsmensl maparpadgsl 6-9. B HUX CTpOSTCS COOTBETCTBYIOIIHE

KOHTPIIPUMEPHBI, OTBCYAONINEC HAa CCTCCTBCHHO, BO3HUKAIOIINUE BOIIPOCHI.

®gboydg
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With each universal algebra (algebraic system) 4 we connect some derived from it
objects (systems). These are first of all: semigroup of all endomorphisms End[A], group of
automorphisms Aut/A] and lattice (structure) of all subalgebras Sub/A].

Considerable part of algebra is the investigation of interactions between univarsal algebra
and its endomorphisms and automorphisms. The conditions between behaviour of elements
(operations) in algebraic system and subsystems behaviour are also studied. Investigations on
this topic have been conducted in abstract and topological groups and rings, semigroups, Lie
algebras etc.

Comparatively great experience of study the connections between the algebraic system
and the lattice of its subsystems has been accumulated in the theory of groups. One can see the
monographs M. Sudzuki [1] and R. Schmidt [2], and cited by them references (also reviews
[3,4]). As the Lie algebras refer to reviews by A.A. Lashkhi [5,6]. For more detalies see [7-61]
and the papers of autor [62-68].

Ideology of works on lattice problems of universal algebras proves that investigation of
connection between structure of algebra and structure of the lattice of its subalgebras is an
interesting and important trend in general algebra. The present work refers to the above-
mentioned trend when W-power Hall group and Lie algebra are defined as universal algebra.

F. Hall introduced the notion of discrete W-power group. He generalized for it some
results from the theory of nilpotent groups. The meaning of the W-power nilpotent group in
general theory of abstract groups is defined by the fact that any finitely generated nilpotent
torsion-free group is embedded into some W-power group.

General theory of W-power group was developed by Kh.magomaev (1968-1971),
A.D.Tavadze (1976), A.L.Shmelkin (1979), V.H. Remeslennikov (2000), M.G.Amaglobeli
(2001), A.Lashkhi (2005-2008), T.Bokelavadze (2005-2008).

The above considerations prove the originality and topicality of the investigation of the
W-group properties, considering both general case of binomial ring (depending on the problem)
and some particular cases principal ideal domains, fields, factorial rings etc.

On the other hand, the study of the properties of universal algebras, in particular, groups,
Lie algebras and etc, can be conducted basing on some initial properties. In a number of
investigations the following problem is solved: to study the influence of the properties of the set
of all subalgebras (subgroups) on the properties of the algebra (groups) itself. Thus we can reveal
if multiple operations, given on the set of all subalgebras (subgroups) define the properties of

algebraic operations completely.
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All this, prove the topicality of investigations of W-power groups and Lie Algebras
against the background of lattice, its subgroups and subalgebras.

The aim of the work is to study W-power nilpotent Hall groups and nilpotent Lie
algebras from the lattice point of view and to reveal the connections between the structures of -
power group G and Lie algebras L and structure of the lattice of all its subgroups L(G) and
subalgebras L(L)

In particular:

(1) Investigation of lattice isomorphisms of W-power groups and Lie algebras over
general binormal rings;

(2) Proof the fundamental theorems of projective geometry for nilpotent of class 2 W-

power groups and Lie algebras over the principal ideal domains.

The object of the investigation is W-power group G, the lattice of its subgroup A G)

and lattice isomorphisms, also Lie algebra L and the lattice £ (L).

Methods of investigation. In dissertation work the methods of general group theory,
rings theory, lattices theory, theory of Lie algebras are used.

All the basic results in dissertation are new and obtained by the author on his own.

The work is of theoretical character. Its results and the methods worked out in it can find
their application in further investigations on the theory of W-power groups, Lie algebras and
lattices theory. They also can be used in special courses and seminars for senior students,
magistrates and post-graduates.

Approbation. The main results of dissertation work have been reported on scientific
seminars of Tbilisi, Kutaisi, and Batumi Universities, Georgian technical University, on the
Republican Mathematical Conferences (Tbilisi, 1977, 2001, 2005), International Algebraic
Conference, dedicated to 100™ birthday anniversary of Prof. Kurosh A.P. (Moscow, 2008, spiker
A.Lashkhi).

The author published 7 scientific works referring to the theme of the dissertation: see the
list at the end of dissertation. Dissertation work consists of introduction, seven paragraphs and
the bibliography list. In order to make the picture complete we introduced in the bibliography the
list of works in respect to W-power groups and issues concerned.

Let us to go to more detailed presentation. If G is a group, then lattice SubG will be

denoted through £ (G). Any isomorphic mapping ¢: £ (G)— £ (G') of the lattice £ on the

lattice of subgroups £ of some other group is called lattice isomorphism G in the group G".
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In this case groups G and are called lattice isomorphic, or it could be said, that is an
image of the group G beside the lattice isomorphism. Further image of the group G beside lattice
isomorphism will be denoted via G”. It is not always that isomorphic groups are isomorphic:
simple orders are lattice isomorphic, but, of course they are not isomorphic. On the other hand,
there exist groups, which are isomorphic to any self lattice image. In fact if G is infinite cyclic
group, then at any lattice isomorphism  group G will be also infinite cyclic, i.e. G and G” are
isomorphic. In case when any lattice image of G group is isomorphic to G, it is said, that group
G is determined by the lattice of its subgroups (determined by lattice). Besides, not for any group
G and not for any lattice isomorphism, even under condition, that G is determined by subgroup
the lattice of its subgroup, there exists isomorphism of groups G and G? inducing lattice
isomorphism. As mentioned above, infinite cyclic group is determined by the structure of its
groups, however, it is easy to establish that there exist lattice auromorphisms of infinite cyclic
group, being not indused by its auromorphisms. That is why in the case, when each lattice
isomorphism of group G is induced at least by one isomorphism (such groups exist: torsion free
abelian, but not locally cyclic, groups without torsion, free groups etc.) it is said that group G is
strictly defined by the lattice of its subgroups or the fundamental theorem of projective geometry
is valid for G.

In present work investigations on lattice isomorphisms of W-groups are conducted in the
following basic trends.

1) The conditions under which the group and Lie algebra are defined by the lattice of
their subgroups and subalgebras, are studied. Special interest here is presented by the cases,
when the group is strictly defined by the lattice of its subgroups.

2) Abstract theoretic group properties, preserved under the lattice isomorphisms are
investigated. Besides, it is defined, when these properties can be expressed in the terms of the
lattice of the subgroups of the given group. In this case it can be said that the given property
admits lattice xharacteristics.

We consider finding of the lattice characteristics as the main problem, and the proof of
the lattice invariance — as intermediate stage to the main mentioned problem.

3) The behavior of that or these characteristic subgroups of the given group at its lattice
isomorphisms is studied. It is defined, in which cases we can obtain lattice characteristic of these
subgroups, i.e. under what conditions these subgroups are “special” elements in the lattice of all
subgroups of the given group. Main attention is concentrated on W-power groups and Lie

algebras close to the abelian nilpotent class 2.

Xix



Chepter 1 and 2 are of auxiliary character. They contain some known facts about W-
power groups and Lie algebras from the lattice point of view.

In chepter 1 the theorem on lattice isomorphisms of two-dimensional modules of the of
principal ideal domains. This fact further will be important when studying the validity of
fundamental theorem of the projective geometry for three-dimensional prpper W-groups and Lie
algebras.

In chepter 3, the theorem on strict lattice determination of proper three-dimensional Lie-
algebras and W-power groups is proved.

The problem on lattice determination (not in a strict sense) of nilpotent class of class 2
W-power groups and Lie algebras over general rings: existence of semilinear isomorphism at
presence of lattice isomorphisms ( is studied chepter 4).

The fundamental theorem of projective geometry for proper nilpotent of class 2 W-power
groups and Lie algebras without restriction on dimensionality is proved in chepter 5.

In chepters 6-9 are devoted to lattice isomorphisms of mixed nilpotent class 2 and n>3
W-power groups and Lie algebras. Corresponding contrexamples answering to the naturally a

risen questions are given.
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1. N30OMOP®U3Mbl PELLUETOK NOAMOAYNEN OBYMEPHbIX MOLOYIEN U
NOAOAININFEBP TPEXMEPHbDIX AINMEBP 1N

[Ipeanonoxum, 9to 4 u B Moxynu 06e€3 KpydeHHs paHTa 2 HaJl KOMMYTaTHBHBIMH KOJIbIIAMU

rmaBHBIX uaeanoB K u K. byner nu komnunearwus f:P(A) —P(B) uny pemeTouyHbii n30MOpPu3M

[:77l(4) > 771(B) nopoxxaaThCs KaKUMHU-TO "XOpOITUMH" OHEKIUAMH MEKIY A U B, OIU3KUMHU K

HOJTyJIMHEHHBIM H30Mopdu3MaM. CuTyalusl MOJHOCTBIO sACHA B JABYX "KpaillHux" ciyuvasx, a
UMeHHO, korja K=Z, to teopema P.bapa (cm.[2]) rmacur, 4to f OyAeT MOpPOXKAATHCS ABYMs
uzomMoppusmMamMu @; U @;= - @; B ciaydae ke, korma K um K; mosis oIMHAKOBOM MOIIHOCTH,
ao0ast OMEeKIUs MEXIY OJHOMEPHBIMU MOJNPOCTPAHCTBAMU OyJeT MOPOXKAAaTh MU30MOPPHU3M
pEetIeTOK MOAMPOCTPAHCTB, KOTOBIPH, B 001IeM, HE OyJeT MOPOKIATHCA HUKAKUM "Xoporum"
COOTBETCTBUEM. MBI OyZieM BBISCHATH "TIPOMEKYTOUHBIN" ciydaii: korjga K — KOJBIO TJIaBHBIX

uneanoB u K=Z n K ve ectb nosie. [IpenBapuTenbHO JOKaKEM HECKOJIBKO MPEIIOKEHUM.

1.1. MpoeKkTUBHbIE OTOOpaXeHUA ABYMEPHbLIX MoAaynen
Hag KonbLaMM rnaBHbIX ugeanos

Mpeanoxenne 1.1.1. Eciu () — yuxiuueckuii MoOyib HAO KONbYOM 2NABHBIX UOEANO8

a, « a
Ann((x))=id(n), n= P] ]PZ 2 "'Pn " mo N(k) oonyckaem uzomopusm nuwe na U E)),

a, a a
Ann(y))=id(n;), n;=4q ]qz 2 -, n . 20ep, q; (i=1,...,n) npocmule s1emenmot uz K.

JlokaszaTenbCcTBO BHITEKACT U3 COOTBETCTBYIOMIETO (hakta (cM. [1]).

Mpeanoxenue 1.1.2. Eciu Ann((x;))=0 u na noomooyne (yx;) Ha noomooyne uzomop@uszm
f nopoocoaemcs o - nONYIUHEUHBIM U3OMOPDUIMOM L, MO [ nopodtcoaemcs O — NOTYAUHEHbIM
uzomopguzmom f u Ha (x).

HevictBurensHo, nyctb f-/7l((x;) — Wl((x;) — wsomopdpusm u f{(<yx;>)=<fx;>; uMeeM

TaKxe u3oMophusm

£ TG <pe=)—T(6) [ (P2)), 7:P]a]P2a2 ...Pna”,ﬂ:q71q52...q:”

[To ycroBuIO CyIIeCTBYeT O — noayaunelnsiii uzomopusm (y;)— (Px.). llycrs q;#0o(P)),

TOTrJa UMECEM

f(Prax;) = (o(P)) pz) = W (<x;>/<Pox;>) =
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(G2 (o(Py) fxz)) = o(P) = qi o(@)=
[TycTh Teneps P — npou3BoIbHBIN d5ieMeHT u3 K, Torna f((Px;)) = (o(P)x;) JleicTBUTENBHO,
ecnu P=P;, To Bce ACHO; myCTh P # P;, Torna
H(Pex1) = o(P)o(a)u(x;) = o(a)u(Px;) = o(agu(x;) = o) = o(q).
Mpeanoxenue 1.1.3. Ecuu f: 7/(Q) — 7(Q,) na wucmom noxkanvho yuxiuueckom mooyie
O nopoocoaemcs NOAYIUHEUHbIM UZOMOPPUEIMOM XOoms Obl HA O00HOM HnOoOMoOyire, mo f

nopoafcdaemc;z mMAaxKkum stce coomeenicmeuem u Ha Q

JleiicTBUTENBHO, MYCTh f MOPOXKAAETCA MOMyJIWHEHHBIM H30MOphU3MOM Ha (@) U (x)
MPOU3BOJIBHBINA MOAMOAYJB; Ha (X;) = (X)(a) f mopoxxaaeTcs MOTyIUHEHHBIM H30MOP(HU3MOM.
CripaBeUIMBOCTh YTBEPXKAEHUS SICHA, TaK Kak f MOPOXKAAETCS MOIYJIMHEHHBIM H30MOP(PU3MOM
Ha KaXJ0M KOHEYHOIIOPOXKIEHHOM TOAMO/YJIE.

CnpasennuBa ciegyromias (10Ka3aTelabcTBO CM. B [1]).

Nemma 1141, Ilyemv A = &) + ¢), B = (1) + (1) — c60600nbie moOyau;
f: Wl(A) — Z(B) usomopgpusm, mo2oa 6 B modxcno mak nodobpams obpaszyiowue H(x), H(y)
nodmodyaeii (k1) u (1) umo flc+y) = <ux) + u(v))

[Ipumem obo3HaueHue: (x+y) = u(x)+u(y). 3abukcupyem NUKINICCKUI MOIYIb (z ) = Z.

Takum 00pazoM, CyIIECTBYIOT OHEKIHH Oy MEXKIy MHOXXECTBAMH IPOCTHIX JIIEMEHTOB,

MOPOKICHHBIC TUKINYECKIMH MOAYIIsIMH (z ) VI3 meMMBbl nMeeM:
U(x+z) = ux)+ wz), px+ez) = ux)+ g(x,z) uz), zeA, z)Hx) = 0un &— obparum. SIcHo,

4TO &2y < £1(X,z) # yi(X,z), TaK KaK
(xtez)xtyz)=0=0=f((x+e) Nflx+tyz) =
= (ux)tenrz)mz)) = (x)+yix.z)wz)) #0.

1.2. O 6meKkumAX Mexay OCHOBHLIMM KOsfbLilaMu

Takum o00pa3om, MexXay oOpaTuMbIMU 3ieMeHTamMu EcK u E;cK; Takke CyIecTByeT

ouekuus oj(x,z).E—>E;.

Herpynno BHIETH, 4TO OMEKLUS O HE 3aBHCUT OT Z, IEHCTBUTIEBHO, ecid ox(P) = P;, o,(P)
=P;u 0y, ,(P)=P,70nmeem

H(P(x+y))=ac, (P)(u(x+y))=aP(u(x)+u(y))
I
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U(Px+Py)=a,0,(P)u(x)+a,o,(P)u(y)=

—>a=a,a, P=o, (P)=c.(P)=0,(P)=0(P).
[ToaTomy, 6e3 orpaHuueHuss OOIIHOCTH, MOKEM CUUTaTh, UTO O = &; = A2 = 1 U u(Px) =
o(P)u(x) nns moboro x €A.
[MpuMeHsis TPOCTYI0 MHAYKIUIO HAXOIUM, YTO SCITH
Hx+y)=u(x)+p(y)= p(x+Py)=u(x)+e/(x,y,P)o(P)u(y)=
W U(x+ P y)=pu(x)+e,(x,y,P" )o(P) pu(y)=

= p(x+P' Py B y)=pu(x)+&(y.x.a)o(P)"o(P, )" ..

o(R)u(y) a=P"P". P
HNwmeem Taxxe

HxH(P+Py)y) = p(x)+e1(x,y,Pi+P) o(Pi1+P2)u(y)
| |
U((HPy)+Py) =yi(ux)+e1(xy, P ) U(ﬁz))JFYzG(Pz)ﬂ(y)
H((x+P2y)+P1y) =)+ &1(x,y,P2) o(P) p(y)- 12 (P 1) 1(),

eixy,P1+P2), 1(x,y,P1), &(x3,P2), v1,Y273V4EE=
= yi=r5=1, o(Pi+P)=yi(x.y,P1)o(P1)+yi(x.y.P2) o(P)).
Takum 006pa3oM, OTHOCHUTEIBHO OTOOPAKEHU I
oc:P>P, o,:E>E,
MbI TIOCTPOMJIA OMEKIUIO 1 . A—> B, yIOBICTBOPSIONIYIO CIACAYIONIMM YCIOBHSIM: UIs JTFOOBIX

x,y €A, a,anaeK, seE. CipaBeIuBbl paBEHCTBA:

o(a)=0(P )" o(Py)" .o(B )", a=P" P Pl

o(a+az) = gi(at+az)o(o)+ex(a+az)o(az), e(a+az),
exa+az)el;

plox) =o(@uE);
plax+any) = e,y Jo(aJui)+eazx,y Jo(az)u),
earx,y), exozx,y)ek.

SlcHo, uTO 3Ta OMEKIIUS COTJIacoBaHa C JIEMMOM U TEM CaMbIM MHIYIIUPYET pacCMaTpUBAEMOE

otoOpaxeHwue f.
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1.3. PeweTo4Hble U30MOPPU3IMbI YACTLIX
TpexmepHbIX anre6p Jin

B o0uiem ciydae, noctpoeHHas 6uekuus He Oy1eT MoJTyJIMHEHHBIM U30MOpP(HU3MOM, OJTHAKO,
yUUTBIBask 000OIIEHNE OCHOBHOM TEOpEMBbl MOTYIMHEHHBIM H30MOP(HU3MOM T€OMETPUH, €CIIH
Mpeamnoiararb, 4To B 4 CylnIeCTBYET €lI€ TPETHMl JIMHEHMHO HE3aBUCUMBIN JJIEMEHT, TO TPOMKaA
OTOOpaXXeHUH (u,0,0;) OyIeT ONpeAesaTh MPOCKTUBHOCTh 1 . A — B. OmHako, oka3bIBaeTcs,
YTO B clydae pa3MepHOCTH 3 (M OOJblIe €CTBECTBEHHO), /ISl TOJYYCHHS >KEIaeMOro
HOJyJIHHEHHOTO (p30MOphu3Ma T, MOKHO JTOBOJIBCTBOBATHCS HE BCEW PEIICTKON MOIMOTYJICH, a

HEKOTOPOH €€ 4acThio. A UMEHHO, eciu G TpexMepHas YucTas HUIbIOTeHTHas anreopa Jlu Han

KOJIBIIOM TJIABHBIX HaealoB K, TO MOXHO paccMOTpeTh pemietky moganredop £(G),
MIOJIMHOYKECTBO B PEIETKE BCeX moaMoyei G, U JoKa3aTh

Mpeanoxenune 1.3.1. Ilycmo G u G; mpexmepnvie uucmoie nurbnomenmuvie anzeopot Jlu
Hao Koavyamu 2nasuwix uoeanros K u K;, xomopuie ne seusiiomes noasmu, | :L(G)—>LG;) —

uzsomopghuzm, mozoa f unoyyupyemcsi nonyaunetinvim gzomopguzmom i kaxk mooyrei G u G;
omuocumenvHo uzomoppusma o : K—K;.

DokasatenbcTBO. [lycts G=(a,a,, [anax])u Gi=b.,bs, [b1,by]) fl@)=b1) fl(a)=b,)

uMeeM
flanax] ) = ([u(ay), paz)])= ([b1.bs])
CrieslaHHbIe BBILIE 3aMEYaHus MTO3BOJIIOT HAa BCEX JBYMEPHBIX moaanrebpax u3 G nocTpouTh

COOTBETCTBUSA, YAOBJIETBOPSIOIINE TMEPEUUCICHHBIM BBIIIE YCIOBUSM W HWHIYLHPYIOIIHE
nzomophusm f. SICHO, 94TO eCiM 4 OJHO W3 ITUX COOTBETCTBUH, TO TAKUMHU K€ OYIYT U £ IS

Bcex ¢€E; u3 MHOXeCTBa {&u, ¢€E} 3adukcupyem kakoi-mubo OqMH W 0003HAYMM UYepe3 AL

JIerko BUIETH, YTO I THOOBIX HE3aBUCUMBIX X;, X» € G. IMeeM

H(x1HX2) =X 1)+ Aopu(x2)F aof pi(x 1), p(x2)], A1, A€ E.

JlenCTBUTENBHO,

Go = (epxitxz) = Goxitx)=f(Gy) = <p(xy), p(xi+x)> =
= <,Ll()C2), y(x1+x2)> = A, ek,

[Tycts Tenepb P — MpOU3BOJIBHBIN (HO B JalbHEUIIEM (PMKCUPOBAHHBIN) TPOCTON ANEMEHT U3

K. B G mocrpoum 1emns noganreop
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C>(P)GC>P)C>... 5(P)C ..., 20e (P)G = <Py, VxeG>.

OObpatumcst k moganredpe <Px; Px;> c <P'G> = (Pi)G. K Heil mpumenumsl Bce
IpEIBIIYIIHE PACCYKICHUS, TIOITOMY
H(P'(x1+x3)) = o(P)ux;+x2) = o(P)(Aupa(x1) + Aoi(x2)+ Qo pa(x1), pi(x2)],
1
H(Px1+Px2)= &(x1,%5,P) o(P) pi(x 1)+ &(x1,%2, P) o(P) 1a(x2) + (i) [11(P'x 1), p1(P'x )] =
= &,0(P) u(x1) + £201P) u(x2)+ a(i) o(P)* [u(x), pu(x2)], &1, & A, A2 €Ey =
=0(P) aof p(x1), p(x2)] = (i) S(P)* [a(x1), 1a(x3)] = e = e(i) o(P)."

[Tocneanee paBeHCTBO CHpPaBEUIMBO MPH Jt0O0M i=1,2,...; YuuTsiBas, uTo o(P) — mpocToii

QJICMCHT M3 KOJiblla I''TaBHBIX UACAJI0B K], 3aKJIF09a€M HCCOBMECTU-MOCTL PaBCHCTBA € YCIIOBHEM

MakCHMalIbHOCTH B G, TI03TOMY PAaBEHCTBO BEPHO JIKIIG NPU &y = = (i) = (. Takum oOpaszom,

115 M00bIX X, €

A i+x2) = Ai(xpx2)p(x) + Aa(x1,x2) 1(x2).
[Mokaxkem, uto  A;(x;,x2) = Ax(x1,x2) = 1.
IIycts Z(G) = < z >. Be3 orpaHuueHust OOIIHOCTH, MOXKHO IIPEAINOJAraTh, 4TO X;,X2,Z

HE3aBUCHUMBIC DJICMCHTBI. TOF,Z[EL

mlz+ (xrtxx)] = p(z) + pxi+xz) = p(z) + dip(xy) + Aop(xz)
[ 1
Hf(z +x1) +x2f = Asp z +x1) + Agpixz) = Asp(z) + Aspxy) + Aqpi(xz)

H(z +x2) +x1] = Aspu(z +x3) + Aspi(x)) = Asp(z) + Aspu(xz) + Aspi(x ).

Caenosarenbno, A; = 1, i =1,2,...,6.

VYuursiBas, 4to L(px) = o(p)(x), HOKaKeM
(1) olpitpy) = olpy) + alp),
(2)  olpipz) = o(p)o(py).

JlefcTBUTENBHO,
(1) pzr(pitp)x) = wz) + olprtpl)ux) = pf(z+pix) + px] =
= p(ztpx) + op)p(x) = p(z) + upix) + op)ux) =
= Wz + (o(pi) + o(p2)) u(x) =0(pitps) = olpy) + o(p2)

= ola+ f)=o(a) + o(f), a, f € K\E.
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(2) p(zrpipxtpyy) = iz + (pipx+pay) =z)+ wp2(pix +y)) =
= H(z) + op)[olp)ux) + u()] pl(ztpzy) + pipx] =
= Wztpyy) + wpipx) = wz) + olp)u(y) + olpip) u(x) =

= o(pip2) = o(p1) olps) = o(a f) = o(a) o(fy), & p € K\E.

[Tokaxem teneps, uto 11 &1, & €E
(1) oi(&1e) = oi(€)oi(€),
(2) oi(e+ &)= oi(e) + oi(&).
JlelCTBUTEIIBHO,
MUz + ex + g&y) = pzrex) + oi(e,e)uy) =
= U(z) + ou(&)ux) + oilee)uy) =uztey) =
= U(z) + ou(&)ux) + oile)oi(e)u(y) = oi(&1e) = oi(€1)ou(E).

AHaJOTUYHO MpeabIayIIero nposepsercs (2)

xLZ

R Rwxcuz
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Kak mokazano Ha ¢urypax 1. m 2, mpu MOMOIIM TPOBEICHUS NAPAIIICTBHBIX MPSIMBIX,
UCXOJIS U3 DJIEMEHTOB P;, P> €K MOXHO MOTYy4UThb d7eMeHThl P;+P; u P;P; kak aOCIIUBBBI TOUEK
npsimoit Ky. (3ameTum, 4TO 3[1eCh TEPMUHBI: TOUKH, MpsiMasl YHMOTpPeOJAI0TCS B MPOEKTUBHOM
CMBICITE).

AHaJOTUYHO HAXOJATCS U DJIEMEHTHI & + &, £& Ha npsmoit K.

Taxum 006pazom, o; — 130MOp(HU3M Ha IpyMIe 0OPaTUMBIX AJIEMEHTOB E; JIETKO 10TaaaThes,

4TO COOTBEICTBHE O = O = O U 0; omlpezeleHa Ha BceM Konblie K U Oyner uzonopdhusMoM
mexnay K u K, a mapa COOTBETCTBUH (4, 0) OTpeieNiaeT oMy IuHeHHbINA n3oMophuzm Mexay K —
moxayinem G u K; — momynem Gj; 6onee Toro uf(x;,x3)] = e(xnx2)[u(x1), m(xz)], &(xnx2)€E, s
Bcex x;,x2€G. CrenoBarellbHO, ¢ y4eTOM MNpemiokeHus 1.2.1, 3akimodaem, 4to (44, 0) OO
MOJTYJIMHEHHBIA N30MOphHU3M, JTUO0 TOMYIMHEHHBIA aHTHH30MOpdu3M. Eciin BepHO mocnennee,

—
tomapa (U =& , 4,0 ) GyIeT NPOEKTUBHOCTHIO. TeM caMbIM HAMHU JOKA3aHO

Mpeanoxenune 1.3.2. IIycmo f: LGC) — L(G)) pewemounviii uzsomoppusm mexncoy

MpexmepHbiMU HUTbNOMEHMHbIMU anceopamu Jlu 6e3 Kpyuenus Hao Koabyamu 1A8HbIX UOed08
K u K, komopule ne A8110mcst noasimu, mo2oa cywecmeyem nouyauneinsiti uzomoppusm pu: G

— G; omnocumenvro o makot, umo 015 10oou nodareedopol. A — G, f(A) = p(A).

AHaJOTUYHBIMH PACCYKACHUAMH, YTO TPHU JI0KA3aTENbCTBE MpeIoKeHUs 1.3.2, MOXKHO

JOKa3aTb, YTO UMECT MECTO

Mpeanoxenne 1.3.3. Ilycemv G u G; mpexmepnvie paspewumvle anzebpor Jlu 6es
KpyueHust Hao koavyamu enasuvix uoeanos K u K, u K ne sensemcs nonem, f: LG) — L(G;) —
uzomopghuzm, mozoa cywecmeyem usomoppusm o: K — K;, omobpascenue u:G — G; maxue,

umo ons ecex ajaz €K, x;,x;€G u mobou nodarzebpol X G ebinonnsiomest
plax; +axz) = ofa)u(xy) + olax)u(xz), X)) = f(X).
Onpepenenue 1.3.1. [lycts L u L; anredpa JIu nang xonsiiamu K U K; COOTBETCTBEHHO;
6:K—K; wzomoppusm. Orobpaxkenue . L—>L; Ha30BeM (MOYTH) MONYJIWHEHHBIM KBa3U-
n30MOphU3MOM, €CITr

Mlax; + axz) = go(ay) p(x;) + &0(az) pu(xs),

TZie &, & HEKOTOpble oOpaTuMeble 3neMeHThl U3 K; 1, eciu a;#0, To &1 #0
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H(x; x2) = gt (x1)p(x2), EEE.
Ecnu £ =1, To 4 Ha30BeM MOYTH HOIYIMHEHHBIM H30MOP(HU3MOM.
Scuo, uro ecau dimL=dimlL;=2 wun K=K; - mone, To J11000€ B3aMMHO OJHO3HAYHOE
OTOOpaXCHHE MEXKIY OJIHOMEPHBIMH TOJIIPOCTPAHHTCBAMH L ® L; ompenenser I04TH

MOy IMHEHHBIA n30MOphU3M
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2. HEKOTOPbIE ®AKTbl O W—CTENEHHbLIX FPYMNMNAX
C PELLETOYHOMN TOYKU 3PEHUA

@®. Xomn BBEN OJWH KJIAcC TPyMI, HAa3BaHHBIX UM W-CTeNEHHbIMU, WJIH OpocTo W-
rpynmnamu, sBISIoNuics 0000eHrneM NOHATUS W-MOay s Ha ciay4yail POU3BOJIBHON JIOKAIbHO
HWIBIIOTEHTHON Tpymnmnbl. 3HayeHue W-rpynm B oOmieil Teopuum aOCTPAaKTHBIX TPyl
oInpezensercss TeM, 4TO Jr00as KOHEYHO MOpOKJAEHHas HUJIBIOTEHTHAs rpymnmna 0e3 KpydeHus

BKJIaJIbIBaeTCs B HEKOTOpYyto W-rpymiy (. Xomr [1]).

2.1. OnpepeneHnsi U HEKOTOPbIe OCHOBHbIE CBOMCTBA

BBenem ocHOBHBIE OIpeIeIeHusl.
[Tycte W-OuHOMHAIBHOE KOJBIIO, T.€. OONACTh MEIBHOCTH, JAepkamias Z B KadyecTBE
MOJKOJIbIIAa U BMECTE C KaXKJbIM 3JIEMEHTOM A Bce OMHOMHUANIbHBIE KO3()PULIMEHTHI:
A MA=1)(A=n+1)
= n
b

n n!

eN.

Hanpumep, W MoxeT ObITh KONBIOM Z LEbIX YHCEN, KOIBIOM Z p UCIBIX P -aIeCKHX

YUCCJI, II0JIEM Q palluOHAJIBHBIX YHCECII, ITIOJIEM R JEUCTBUTEIIHLHBIX YHUCCII, BOO6IJ.[G, JIFOOBIM

II0JIEM HYJIEBOM XapaKTEPUCTHUKHU.
Onpepenenne 2.1.1. Hepayuonanvnas epynna G knacca uuibnomeHmuocmu — M

nasvieaemecss W -cmenennoii zpynnoii, ecnu ona mobvix X uz G u A € W oonosnauno
A
onpeodenen snemenm X € G, npuuem evinonnsiemcs credyiowue akcuomvl (X,Y,X;,...X, -

npouszeoJjibHbvle U3 G,. ﬂy, ILl - NPOU3B0JIbHbLE DTIEMEHNIbL U3 W)
I A A A A
a) x' =x,x"x*=x""H (x* )" =x"x*

-1_1 -1 A
o ¥ X" y=(y )
A A
A A A _ A ( j ( j
¢ X;x5.x, =(x;x5..x,) t,\2)(x)..T,\m)(x),
2de m -K1acc HUIbNOMEHMHOCMU 2PYNnbl < X|,X,,...,X, >, 7,(x)- k-e cnroso Ilempecky om

X1, X5,..0,X Hanomuum, umo  ona  kaxcooco keN k-e cnoso  Ilempecky

n:

T (X7,X5,...,X, ) = T; (X ) onpedensemcs pexyppenmno us coomnouwenust

xf‘xé‘...x,’f = rf(x)rz(g)(x)...rlgélj(x).
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B cBoGoaHoit rpynme F ¢ 6asucom X;,X;,..., X, . XOpowo u3BecTHO (cM., Hampumep [1]),

qTo Tk ( X ) MMPUHAJICIKUT MOATPYIIIIC F k= k -MY YICHY HWI)XHCTO HCHTPAJIBHOI'O pAJia I'PYIIIIbL

F.
EcTecTBeHHOCT, akcMOM a) W B) OUYEBHJHA. AKCHOMAa C) SBJISICTCS TIEPECHECEHUEM

aHAIOTUYHOTO CBOMCTBA MPH LEJBIX A ISl IOKAIGHO HUIBIIOTEHTHBIX TPYIIIL.
A _ 0 _ -1 _ A =1
U3 s1ux akcrom cienyer, uro 1~ =1, y' =1, y " =(y” ) . Jlerko 3ameruts, 4to eciu

G a6eJIeBa, 9TU AKCHUOMBI IIPEBPAINAOTCA B 00BIYHOE OMIpCACIICHUC w MOAYyJisI, B KOTOPOM

OOBIYHBIE AOJJUTUBHBIC TMOHATHA 3aMCHCHBI MYJIbTUIINIMKATUBHBIMU. SIcHO TaKXK€, 4TO €CJIHu

n
n —1ueinoe panrdoHalIbHOC YHCIIO, pacCMAaTpUBACMOC KaK JJICMCHT KOJIbLA W, TO Z nMeeT

A
oObluHOe 3HaueHue. Ilpu Quxcuposannom d € G oroOpakenme A —>a’  sBigercs

roMOMOp(M)U3MOM aIUTHBHOM TpyIisl Koibla W Ha moarpyrmibl a” rpynel G, ¥ s1po
9TOTI'0 0T06pa)I<eHI/IH ABJISACTCA UACAJIOM B W , 1 HA3bIBACTCA MOPSAAKOBBIM HACATIOM JJICMCHTA
@, WM TIPOCTO TOPSAKOM 3JIEMEHTa d M 0003HadaeTcs uepes exp(a). Ecim 3ToT mopsaKkoBblii
unean pased 0 mpu Beex d # 1, to G HaspIBaeTcs Ipymnmoii 6€3 KpydeHus.

HunbnoTeHTHBIE TPYIIIBI ABISIOTCS Z CTENEHHBIMU TpynmaMu. [IpousBonbubiid W -momnyib
sBisiercss  abeneBoit W -rpymimioil, TOJHBIE HHJIBIIOTEHTHBIE TPYMIBI C  OJHO3HAYHBIM

U3BJIcYeHUEM KOpHS - () cTeneHHbIMH TIpynnaMd. HamoMHHM, YTO MOJHAs Tpymmna c
OJIHO3HAYHBIM M3BJICUECHUEM KOPHs HasbiBaercss D -rpynmoii, Tak uro () -creneHHas rpymnma —
3TO HWIbNOTeHTHas [ -rpyma.

IMpoussonbroit W -rpynmoit Han kombioM W Ha3oBeM Takoil NMPOEKTHUBHBIA Ipejel

nuckpeTHbiXx W -crenmennbix HunbnoteHTHeix rpymn (G, kmacca I, i=1,2,..., ur0

1°
romompousm ;0 G, ; —> G;-910  akTopmzanms MO  MOCHEAHEMY WICHY —HIKHETO

LEHTPAJILHOTO PAJA.

bonbmoii 3amac npUMEpOB TAKUX TPYII B Claydae, Korga W-KOJbLO LEIbIX YHCEIl, MOXKHO
HNOJY4YUTh, €CIM OpaTh HUIBIIOTEHTHO AalNpOKCHUMHUpPYEMbIE TPYMIBI M TOMOJMHATH HX
OTHOCHTEJIBHO TOIIOJIOTUH, ONIPEAENSIEMON HU)KHUM LICHTPAJIbHBIM PSIOM.

3uavyenue W -cremeHHBIX TPy B 00IIEH TEOPUH aOCTPAKTHBIX IPYII ONPENETSIETCS TEM,

4TO MK00as KOHEYHO MOPOXkKAEeHHas HuiblnoTenTHas rpymna (G 6e3 KpydeHus BKIAIBIBAETCS B
w
Hekoropyio W -crenennyio rpymny G .

B cnyuae, korma W =0, 710 G? -ummnorentras D rpymma. Ecim W -mone
. R
JACUCTBUTCIIbPHBIX YHUCCII, TO B Ka4CCTBC G MOXET GBITB MoJIyu€Ha OJHOCBA3HAA
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HWJIBNOTEHTHasA rpynna JIu. B cityyae nonei pauroHanbHbIX U JEHCTBUTEIBHBIX YUCET TEOPEMBI
BJIO’KCHHS ObLTM MOydeHbl A.J. MasblieBbIM C HCTIOJBL30BaHUEM TEOPUH TPYII U anreop Jlu.
OTMmeTuM ellle ABa BaXHLIX npuMmepa W -cTeneHHol rpy kL.
[TycTs I1 — HEKOTOPOE MHOKECTBO MPOCTHIX uncen. Hunbnorentnas rpynna G HasbiBaeTcs

II-nokanbHol (umu nokansHOU B 1), ecnu mist moGoro snementa g € G u m060ro mpocToro

uncna p & I1 ypasrenme x” = g umeer B 11 enuucteennoe pemenwe. Ipu G = J ouesnmo,

YTO OJYHUACTCA HUJIIBIIOTCHTHAS D -rpyIiia.

II-nokanbpHasi HUJIBIIOTCHTHAS rpymiia aBJIsICTCA VA 77 TOAKOJIBIO ITOJIA pallMOHATIBHBIX YHCCII

0O, KOTOPOE COCTOUT M3 YMCEN BUAA M1/ 1, IPHYEM HE JCIUTCA HU HA OJHO MPOCTOE YUCIIO M3
11.

Ecnmu W-xompLo p -mpocToe 4ucio, TO G" amnercs Pp-aIAYECKUM TIONOJHEHUEM
rpymnel G, T.e. nomonnenweMm rpymnbl (G, KOTOpOE IIOIy4aeTcs B3ATHEM B KadecCTBE
OKPECTHOCTEH €MHHUIIBI MHOXKECTBA BCeX HOpManbHbIX moarpynn K rpynmer G takux, 4ro
|G : K | ectb crenens P, a 3aTeM paccMaTpuBaTh €€ KaK AMCKPETHYIO IPyIIILY.

OueBuaHo, yro W -rpynna sBiaseTcss MyJIbTHONEpATHBHOM rpymmnoi. Iloustus W -
noarpynnbl, W -pakroprpyrnmsr u W -romodopdusma ompezensiercs, kak 00braH0. CKaxeMm,
uro noarpynnsl H W —ponyctuma B G, ecnm ona sensercs W -nmoarpynmoi.

Nemma 2.1.1. Sopa W -comomopgusmos- smo 6 mounocmu  HOpMALbHbBLE
W —noozpynner [1].

[pumepst W -rpym.

1. Bcmu W =7, tne Z —Kombl0o LENBIX 4YHCEN, TO IPOM3BOJIBHAS JIOKAJIHLHO
HWJIBIIOTEHTHAs Tpy1na sBisiercs W -rpymnnoit ((Z — rpynmoii).

2. Tpoussonsusit W —wmonyns G sBasercs abenesoit W — rpynnoii.

3. Ilyctb W =R, rane R —xonpLo panuoHadbHBIX udcel. Toraa MojHas JIOKaabHO

HUIBIOTEHTHAs Tpymmna 6e3 kpyuenus G sBusercs R —rpymnmoii.

2.2. KommyTaTtopHble TOXAeCTBa B HUNbMOTEHTHbIX
Knacca 2 W-cteneHHbIX rpynnax

Nemma 2.2.1. Ilyemo G ecmv W -2pynna.

Tocoa, ecau xommymamop [a, b] coodepxcumcs 6 yenmpe, mo npu JarOOLIX

A eWuweenwa) [a* b|=[a,b, b)la.b? |= a6, c)la? 6 |=[a.bT*.
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[oka3aTtenbCcTBO. [IciicTBUTEILHO,

A 2
at, bJ: a b latb=a* (b lab)" = r(f j(a", b~! ab)...t(") (al, bl ab),

!

rne BCE ti(iz2) COZIePKUTCS B KOMMYTaHTe H IpYTIIBI

1

H=<a _], blab>=<a~ , [a,b] >W C-KJIacC HUIBIOTEHTHOCTH rpymmbl . Tak kak [a,b]

cozepkutest B uentpe, to /1 abenesa u H = I.Otcrona cnenyer, uro Bee ¢;(1 22 ) pasbl

CMHULIBL, a Tak Kak ¢;(d -1 ,b_lab )= a_]b_]ab, CIIPaBeIMBOCTH PABEHCTBA a) I0Ka3aHa.
AHaJIOTUYHO JOKA3BIBAIOTCS U IPYTHE PABEHCTBA.
Nemma 2.2.2. [Jenmpanusamop mo6ozco mnoxcecmea M W —zpynner 6yoem W -
nO02PYNNOIL.

HeiictBurensho, mycts C =Cg (M )—uenrpammsatop M 8 G. Ecm zeC wu

1

yeM, o z=x zx, 24 = x4

z” X U, clenoBaTeIbHO, tecC.
CneactBue 2.2.1. llenrp npoussonbHoit W — rpynmsr W — nonycrum.
Teopema 2.2.1. Ynenvt u ghakmopol 6epxmeti yeHMpaibHOU yeiu

I=Z2ycZ,cZ,c..cZ,c..

W —epynnot G cymo W —2pynno.

Hoka3saTenbcTBO. JleiicTBuTeNbHO, st Z; TeopeMa BEpHA COINACHO CleAcTBHio. IIycTh

Teopema BepHa JuIsl Bcex uHaekcoB & < . Ecmu uucno [ — I cymectsyer, To rpynmna Z B
a noromy u G/Z p—1» ©yt» W —rpyms. Ho rorma rpymna Zpg /Z p-1 cama
W — nonycruma xak nentp W —rpynnst G/ Z p—1- Otctona cenyer, 4ro Z ﬂW -JIONyCTUMA.

Eciu xe [ npenmenshoe, 10 Z p €CTh 00beAMHEHNE BO3paCTAlOIIEH IMOCIE0BATKIBHOCTH

W — moarpynm u mosromy onsite W — monycruma.
Teopema 2.2.2. Yienvi u pakmopvl HUdxiCHe20 YEeHMPAIbHO20 PAOAd HUILNOMEHMHOU

W —zpynnot G cymo W —2pynno.
DokasaTtenbcTtBo. Ilycts G =G; D G, D...D G, D ] — HwKHUIl UEHTPAIBHBI s

rpynnel G. Torma npu k =1 Teopema odeuana. JOKaKeM TEOPEMY MHIYKLHMEH MO KIacCy

HHJIBIIOTEHTHOCTH W —rpymmsL. pexsapurensao gokaxem, aro rpynma G, W — nonycruma.

[lo ompenenennto G = [Gk— I,G] U TIOPOKJAeTcs KOMMYTaTOpaMH BHUJA [x, y], rie
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x€G,_; u ye(G. JlocTaTo4HO MOITOMY IOKa3aTh, UYTO ECIH [a,b] eG,, 1o
A
[a,b] € G,rne a € Gy_;, b e G. Ho oo cnenyer u3 nemmst 2.2.1.

JleiicTBUTENIBHO, TaK Kak [a,b]conepmmc;{ B IIEHTPE TO [a,b]’1 = [a,bﬂ], HO 5TOT
kommyTatop npunagiexut G, . Otcioma cnenyer, uro rpymna G / Gy, ects W —rpynna, a tax
OHA MMEET MEHBLIMH KJIacc HWIBNOTEHTHOCTH, YeM (7, TO MO MNpEeATONOKEHUIO 4iIeHa H
daxropst psna G/ G, D G; /G, D..DG_; /G, D1 cyrs W —pynnel. D10 03Hayaer
W — nomyctumocTts unenoB u ¢axropos rpymnsl G. Teopema 1oka3aHa.

Iycts M —npoussonsHoe noamuoxkectBo W —rpynmer  G.  Tlepecedenme Beex
W —nonarpynnn  rpynmel - G, conepkaromux  MHokectBo M, Oymer HaumeHbmien -

noarpynnoii, conepxameii M u o6o3nauaemoit < M >

. w
[TokaxkeM, 4TO NMPOM3BONBLHEIN deMeHT 3 < M > 3anucwiBaeTcs B BHIE IPOU3BEIECHUS
KOHEUHOI0 4YHClla CTerneHed osinemenToB MHOkectBa M ¢ nokasarensmu us W,
JleiicTBUTENBHO, yTBEp:KAeHHME cnpaBenamBo, ecoum (G Genesa (T.e. W —wmomyns).

[penmnonoxum, 4to oHo BepHo it W —rpynnst G/ Gy, uMeroLiel Kiace HUIBIIOTEHTHOCTH,

. G . G _ A A Am
MeHbpMH, yeM (. Torga npon3BOJIBHBIN 2JIEMEHT g U3 UMeeT BUl g =d; d,"...d," &,
rne g € Gk' 3HaUUT, JOCTATOYHO IIOKAa3aTh, YTO JIIO0OOH JIEMEHT U3 Gk €CTh CJIOBO OT
cTeneHeil aneMenToB MHOkectBa M ¢ mokasarenamu n3 W. B camom nene, Gk MIOPOKIAECTCS

KOMMYTaTOpaMy BHJIa [x,y], rne X € G, y € G;_;, aTak KaKk 5TH KOMMYTaTOPBI COACPXKATCS

B CHTPE, TO JOCTATOYHO IMOKAa3aTh, 4YTO HpOH3BOJ’IBHBII>i KOMMYTAaTOp TaKOro Buaa €CTb CJIOBO OT

creneneii snementoB M ¢ mokaszarensmu uz W. Ilycts

Ay A

xaa Hi

ﬂ’m
Q" gp Mo y=ailal...ai" gy, 2.8, €G,.
Torna
[ ] 2 j’m Hu ot _
X,y a a SHONS TNy 9"

la;tfa/12 aln atate a‘.‘”J
lm ]1 JZ Jn

Tak Kak g;,g'; comepkarcss B meHTpe. HO JTOT KOMMYTAaTop eCTb CJIOBO OT CTCIeHeil

snemenToB MEOKecTBa M ¢ nokasarensmu u3 W, uto u TpeGoBaoch MOKa3ath.

w
Orcioma cinenyer Takke, uto < M > COCTOMT W3 BCEX 3JIEMEHTOB TPYIIIbI, PABHBIX

IMMPOU3BCACHUAM KOHCUYHOT'O YHCJIa CTeIeHe 1eMeHTOB MHOkecTBa M ¢ MmokazaTensiMu U3 W
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Ecm < M >" = G, muoxectso M nasosem cucremoii W — o6pasyromux rpymnmsl G.

Teopema 2.2.3. Eciu G =< Xx;,X;,...,X,, S xoneuno nopoacoennas W —zpynna, mo
npocmele  KOMMYMamopbl [y DR yk] (mo G,.;), 20e y; nexomopvie u3 s1emenmos
X7,X5,...,X,, npuiem He obsizamenvHo pasnuynsie, ciyscam cucmemoi W —obpasyrowux ona
W —epynnor G, / Gy ;.

JloKa3aTeabCTBO mpoBeneM uuaykuueir mo k. Ilpu k = 1 teopema ouesmana. Ilycts oHa
BepHa  JUIS k—1. [Moarpyrnmna G nopokaercsi  BCeMH  KOMMYTaropamu

C:[a],a2,..,ak_1,ak], rne a; € G. Ho C:[[a],...,ak_]lak] " [aj,a2,...,ak_]]€ Gk—]’

— /11 2’2 ﬂ’n
OTKyJa, B CHIy TPEANONOKEHHS WHAYKUHH, [a;qy,...Qp_; [ =u;'uy’ . .u,"v rie

ﬂ,l- ew, Uy, Uy,..., U, —KOMMYTaTOpPBI BUIA LVI,...,yk_] ], OpudYeM ); — 3TO HEKOTOPBIC M3

anemeHToB X; u U € Gy

[ToaTomy
A, A A, J[zﬂ A szﬂz Ay J _
l n
—[”11”2 Uy ak](mOdeH)’
TaK Kak

A As A,
upluy oyt ap (€Gy ow [uag]e Gy

Ho a, = x‘[’ ! xﬂ 2 xi/,: ", n; €W,u; €G,_;, OIKyma, TOBTOpsSL  IPEIbIAYIIHE

'y
paccykaenus, nomydaem ¢ = | [[u i xl.il s J( mod G, ; ). Kpowme Toro,

Z - An
u”,x ]—[u,x] (mod Gy, ; ).
CrnepnoBarenbHo, W —rpynna G, /G, MOPOXKJAETCST ~ KOMMYTAaTOpaMH  BHJa

[u’x](mOdeﬂ) L [yl""’yk—l’xir] (mod G,).

Teopema 2.2.4. Kowueuno nopoxcoennas W -epynna G=<ay,a,,..aq, >V

HUJIbNOmMerRmHa u umeem mom amnece Knacce, umo u a6cmpaKmHaﬂ l’lO@Zpyl’ll’lCl

H=<a;,a,,..a, >.
JleiCTBUTENBHO, MYCTh C-KIAacC HUIBIOTeHTHOCTH rpymmsl . Ilo Teopeme 1.2.3.

daxroprpymma G, /Gy MOPOKIAETCS POCTHIMU KOMMYTaTOpaMu
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[y, 5,0y, ] (mod G,,;), rae y; —uexotopsie u3 onementos a;,d,, ...d,. Ecm
k=c+1, TO KOMMYTaTOop [yl,y2 e Ve ,ycﬂ] =] u, CJIEZIOBATEINIBLHO,

G..; =G,,, =...= 1.01crona ciexnyer, 410 - KJIAcC HUIBIOTEHTHOCTH TPpymmsl G.

2.3. PeweTKkn, cBAizaHHble ¢ W-CcTeneHHbIMU rpynnamMmm

[lycts Tenepp G npou3BOJIbHASI HWIBIIOTEHTHAs W-CTENEHHas IpyIiia HaJl POU3BOJIbHBIM
OmHOMHANBHBIM KoJiblloM W. OO6o3nauum uepe3 L(G) pemerky Bcex W-noarpynn G ¢
€CTCCTBCHHBIMU PELICTOYHBIMHU OIIEPALUSAMHU.

B pabotax [56-60] uzyueHsl W-cTeneHHbIE TPyl C PEETOYHON TOUkH 3peHus. [IpuBeaem
HeKoTophle (hakThl U3 HUX. [IpeaBapuUTEIbHO HAIOMHUM HEKOTOpBIE OIpeNeeHust U (QaKkThl U3
TEOPUU PELIETOK.

Pemerka L Ha3biBaeTcs AMCTPUOYTHUBHOM, €ciu uid JHOOBIX Xy, z€N CHpaBenIuBBI
paBeHCTBA!

(i) xulnNz)=(xuvy Nkxz),
(ii) xN@yuz)=(xNy) UExnNz);
W3BecTHO, UTO pemierka Toraa M TOJBKO TOrJa AMCTPUOYTHBHA, KOTJa OHA HE COACPKHUT

nuamant (¢wur.1).

®ur. 3.

Pemerka L Ha3bpIBaeTCsl MOIYJISIPHOM, e€ciaM AJsl JIOOBIX X,), zE&N BBIIOIHACTCS YCIOBHE
MOAYJISIPHOCTH:

Eeciiu x <z, To x U(y Nz) =(x Uy) Nz.

H3BecTHO Takke, 4yTo pemeTrka L Toraa v ToapKo Toraa MOLYJIIpHA, KOTAa OHA HE COAEPKUT

neHTaroH (¢wr.2.).
MoxHo moka3ath, uto ecnu G HeabeneBa W-cremneHHas rpynma, To L(G) HE COAECPKUT

IICHTaroH. CJIC,Z[OBaTeHLHO CIIpaBCJIBa.
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®ur. 4.

Teopema 2.3.1. W-cmenennasa epynna G Hao OuHoMuaibHeim Koavyom W mozoa u
MOILAKO MO020a umeem MOOVIAPHYIO peuemKy HoOSpYnn, Ko20a ona abeesd.

EctectBenHo, W creneHHyto rpynny G Ha3BaThb LMKJIMYECKOH, €CIM OHAa IOPOXKIAECTCS
OJTHUM 3JIEMEHTOM, JIOKAIBHO IHUKINYECKOH, eCcH TH000e KOHEYHOE MHOXKECTBO €€ AJIIEMEHTOB
MOPOXK/IAET MUKINIECKYIO TOATPYTIITY.

Mpeanoxenune 2.3.1. Eciu G noxanvho yuxiuveckas W-cmenewnnasi epynna HAo
ounamuanvuvivm konvyom W, mo L(G) oucmpubymusnas pewemxa.

MOHO MOKa3aTh, YTO €CIH W-KOJNbLO TIaBHBIX HIcaOB U G HE JIOKAIBHO IHUKINYHA, TO
L(G) conepxut nenrarod. CienoBaTelbHO CIIPaBeAJINBa

Teopema 2.3.2. Ilycmv GW —cmenennas epynna Had KolbyoM 2lasHbIX uodeanos W.
Pewemxa L(G) mozoa u monvko moeoa oucmpubymuena, koeoa G 10KaIbHO YUKIUYHA.

Paccmotpum teneps CL(G) — MHOKECTBO, COCTOSIIIEE U3 BCEX CMEXHBIX KJ1accoB G IO BCEM
noJrpynmnaM u myctoro MHoexxctBa &, Ha CL(G) BBeneM YacTHYHBIA MOPSIOK CIICTYFOIIAM
o0pa3zom:

X[ _<X2 @X[ _<X2, X], Xg S CL(G)

Torna CL(G) 6yzaet NONMHOM peleTKoW OTHOCUTENIBHO PELIETOUHBIX ONepaluii:

(i) n U, teoperuko-muox)ectBeHHOE nepecedetue (Uy =dode, o € J);
aeJ

a) J U, :aﬁ(Aaaﬁa;],aeJ),
aeJ

rae [ HeKOTOpbIi (PUKCHPOBAaHHBIN UHICKC U3 J.

MpeanoxeHune 2.3.2. Pewemrxa CL(G) mozoa u moavbko moeoa pasiazaemcs 8 npsmoe
npoussedenue pewemox, koeoa W =7, u G yuxiuyna.

Teopema 2.3.3. Ilycmv G cymv W-cmenennas epynna Hao OuHomMuaibHulm Koavyom W.

Tozoa
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(i) CL(G) mooynapra mozoa u monvko moeoa, koeoa W none u G yuxiuuna;

(ii) CL(G) oucmpubymusena moz0a u moibkKo moz20d, K020a OHA pa3iacaemcs 6 Npamoe
npousgeoenue;

(iii) CL(G) mozoa u mozvko moeoa noOMOOYIAPHA CHU3Y, KO20d OHA MOOYIAPHA.

Mpepnoxenue 2.3.3. Eciu W none, mo

(i) CL(G) pewemka c 0ononHeHusmu,

(ii) CL(G) pewemka ¢ omHocumenvHbiMu OONOJHEHUAMU MO20Ad U MOJbKO mo20d, Ko2oa
maxkosa L(G);

(iii) 6 CL(G) evinonsinemcs ycnosue )Kopoana-I'envoepa moeoa u moabko mozoa, K020a OHO

soinonnsemes 6 L(G).

Onpepenenue 2.3.2. [lycmo X u Y W-cmenennvie epynnot nao xoavyamu W; u W
COOMBEMCMBEHHO.

byoem 2oeopums, umo omobpasicenue f:X—Y nonyaunetinviii uzomop@uzm omuocumenbHo
usomopuzma o :W;—>W, (o — nonyaunetinoliii usomopgusm), ecau 0as aobwix x;, x2€ X u o,

EW] umeent mMecmo paseHcnieo

f(xlalxgz):f(xl)a(%)f(xz)c(az)'

Ecnu orce svinonsiemes pasencmeo

S5 )= [ (x2 )70 £ (x)7

mo f Hazvleaemcs NOJAYIUHEUHBIM AHMUUZOMOPPUIMOM (O - NOTYIUHEUHBIM AHMUUZOMOPPUIM).
Pemerky L(0,] €L) Ha3oBeM pelIeTKON 0€3 KpydeHHs, €Clii HH OJWH d3JeMEHT L He
nokpeiBaet 0. WW-crenennas rpynna G Ha3bIBaccs IPYIION 0e3 KPYyUEHUs, eClii YCIOBHE x =1,
a W Bneuet, yto-b0 o=, nubo x=/. HazoBem WW-creneHnyio rpynmny G YHUCTOH, ecnu
pemetka L(G) 6e3 kpyueHus. SIcHO, 4To He a7 Beskoi rpynnsl G 6e3 kpyuenus pemterka L(G)
0e3 KpydeHus, T.€. HE Kaxxaas rpymmna 0e3 KpydeHus Oyner uuctoi. JleWicTButenbHo, eciu W

noJie, To Mobas W-rpynna G Han W 6e3 kpydeHus, TOraa Kak oHa OyJeT YUCTOM: JyIsl JII000To

L]
x €G penietka £{(<x>) UMeeT BUI | — T.e. COCTOUT U3 IBYX IJIEMEHTOB. DieMeHT x €G Ha30BeM

YHCTBIM, €CJIM penieTka L(x) 6e3 KpydeHus; U dJieMeHTOM 0e3 Kpy4yeHwus, eciu W-noarpynma (x,)
0e3 KpyUueHUs.
Mpepnoxenune 2.3.4. Ecuu f : L(X)—> L(Y) pewemounviti usomopghuzm, mo cieoyrowue
VCNOBUSL IKBUBANEHINHDL:
(i) SIN(A)) = N(f{4)) 01 ecex A = L(X);
(i) f([A,4]) = [f(A), f(A)], ona ecex A < L(X;
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(iii) f([A,B]) = [f(A), f(B)], oz ecex A, B < L(X).

CneactBue 2.3.1. Pewemounvii uzomoppusm [ nepesooum yeHmpaivhviii psio 8
YeHmpanbHulll pso U, c1e008amenbHO, COXPAHAem KIAcc HUTbNOMEHMHOCMU HA NOO2PYNNAX.

[Moarpynmna A < G Ha3pIBaeTCsl U30JIMPOBAHHOM, eciu Jyig rodoro x €G umeem  (x)A4 =1,
6o (x)1A4 =) llepecedeHne BceX M30IMPOBAHHBIX TPYII coAepkamux 4 0003HaAYUM depes
1(A). SIcHo, uto I(A) n30MupOBaHHAS MOATPYIINA; HA30BEM €€ U30IATOPOM A.

Mpeanoxenune 2.3.5. Ilpu pewemounom uzomopguszme [ : L(X)— L(Y) uzonuposannomy
HUMICHEMY YEeHMPAIbHOMY DAY

X=X, 2(X;) o ..oIl(X,) ol
n-nunbnomeumuou W-epynnor X 6e3 kpyuenuss coomeemcmeyem u30MAUPOBAHHBIN HUNCHUL
YeHmpanbHulil pso
Y =Y, =f(x) SI(Y) = fIX) > ... >HI(X) =1(Y,) >l.

3HaueHUEe HTOTO MPEAJIOKEHUsT OOYCIOBIEHO TeM (PAKTOM, YTO H3BECTHBI MPHUMEPHI,

NOKa3bIBaAIOUINE, YTO B PakTopax X,/ X,+; HUKHETO LIEHTPAJIHHOTO psifa HUIBIMOTEHTHON W-

rpynmnsl 6€3 KpyueHUsl MOT'YT OKa3aThCsl KpyUeHHUsI.
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3. O PELLETKE W-NoAreymnn HENEPUMOOUYECKON
HUNBbMOTEHTHOWU W-IPYINbI

B arom maparpade gaercs pemierouHas XxapakTepuUCTHKa HOPMAJIBHOTO IETTUTENS B JIOKAJIbHO
HUWJIBIIOTEHTHOM W-rpymnme ©6e3 kpyueHus. Kpome TOro moKa3bIBae€TCs OJHO CBOWCTBO
PEIIETOYHBIX M30MOP(GU3MOB JIOKaTbHO HWJIBIIOTEHTHBIX TPYII, COAEpXKAIIUX HE MEHEee NIBYX

HE3aBHCHUMBIX 3JIEMECHTOB 0€CKOHECYHOI'O nopsakKa.

3.1. PewmeTo4yHas xapaktepucTuka MHBapuaHTHOCTHU
W -noarpynnbl B HUNbnoteHTHon W -rpynne 6e3 Kpy4eHus

B sTOM paznene o6o01maroTcs 1Ba pe3yibTaTa, CBA3aHHbIE C U3YUEHUEM PEIIeTKU MOATPY I
HUJIBIIOTCHTHOW HENEPUOANYECKOM rpynmsl. [IepBblii U3 HUX 3aKJIIOYACTCS B CIECAYIOLIEM: B
pabore ILIKontpoBuua wu b.M.Ilnotkuna (cm. [2]) Oblza mosiydeHa XapaKTEepHCTHKA
M30JIMPOBAHHOIO HOPMAJIBHOTO JEIUTENA, BbIpakaeMas B TEPMHHAxX PEIIETKH noarpynn W-
rpynmsl (peleTrodyHas XapakTepucTuka). HamMu npuBOIMTCS pelieTodyHas XapaKTepUCTHKa
11000T0 HOPMAJIBHOTO JAETHUTENIs] HUIBIMOTEHTHOW W-rpymmbl Ge3 kpyueHus. Takum oOpazom,
MMEETC BO3MOXKHOCTBh pPAacCMaTpUBaTh 3/1€Chb HOPMAJbHBIE JEIUTENM KakK CHEUaIbHbIC
3JIEMEHTBI COOTBETCTBYIOIICH pemeTku W-noarpyii. BTopoi pe3yJbTaT OTHOCUTCSI K U3YUYEHUIO
pEIIETOYHBIX HM30MOP(GU3MOB HWJIBIOTEHTHON HENEPUOAMYECKOW TpyNNbl: B OTMEUYEHHOMH
pabote [2] ObUIO MOKa3aHO, YTO BCAKMHA PELIETOYHBIH M30MOP(U3M HUIBIIOTEHTHOM TPYIIIHI,
coJepxalieii He MeHee [BYX HE3aBHUCHMBIX JJIEMEHTOB OECKOHEUHOrO MOpsAKa, SBISETCS
HOpPMalIbHBIM. JTa TeopeMa o0000maercs CIeAYIOMHMM 00pa3oM: TOKa3bIBACTCs, 4YTO IMPH
PEIIETOYHBIX H30MOpPHU3MaxX TaKUX I'PYIMI HOPMAIU3aTOp JIF0OOH MOATrPYIIBl 0TOOpaXkaeTcs B
HOpManu3aTop oOpas3a JaHHOH MOArPYTIIbL.

[IpuBenem cHauana peEHIETOYHYIO XapaKTEPUCTHKY HM30JMPOBAHHOTO HOPMAaJIbHOIO
JENUTENS JOKAJIbHO HWJIBIIOTEHTHOW rpymmbl 6e3 kpydeHus u3 pabotsl I1.I.KonTtopoBuua u

b.A.ITnotkuna. /{14 3TOro HamOMHUM HEKOTOPBIE ONPEICIICHHUS.

DJIeMEHT a pemeTKn £ Ha3bIBACTCS JCICKUHI0OBBIM (MOIYIJIAPHBIM), €CIIH JJIsL JIF0OOM maphl
€€ JIEMEHTOB X H V, TJIe A <), BBIIIOJIHICTCS PABEHCTBO
(ax)y=a(xry).

ScHO, uro BCsakui W-HOpManbHBIM Jenutens W-rpynnel G ABISETCS MOZIYJISTHBIM

3JIEMEHTOM B penietke £(G). ObpaTHoe yTBEpKICHNUE, KOHEYHO, HEBEPHO.
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DJIeMEHT u penieTku £ Ha3bIBACTCS IIMKIMYCCKUM, €CTi UHTepBait [0,u] — IucTpuOyTHBHAS
pelieTka ¢ yCIoBHEM MakCHUMabHOCTH. Eciu £L=.L(G), TO 351eMeHT u €.£ TOT/Ia ¥ TOJILKO TOT/1a
OyJeT MUKIMYECKUM DIIEMEHTOM, €CJIH ¢ — IIUKINYecKas nmoarpymnmna B rpymme G [2].

DeMeHT U pemeTkd oL Ha3bIBACTCS HW30JIMPOBAHHBIM B £, €CIH JUIS KaKIOTO

OUKINYCCKOI'O 3JICMCHTA a U3 L BBITNIOJIHAETCS OlHa U3 IBYX BO3MOKHOCTEH:

amu=a WU aru=0.
Nemwma 3.1.1. Ilooepynna H nokanvro nunbnomenmuoii W-epynnot G 6e3 kpyuenust mo2oa

U MONLKO M020d s6N8emcsl U30IUPOBAHHBIM HOPMAIbHbIM oenumenem 8 cpynne G, ecau H —

U30UPOBAHHBI MOOYIsPHBILL d1iemenm 6 cmpykmype L (G).

Jlns maapHEeHIIero N3JI0KEeHUS TTOHAT00UTCS TaKXKe
Nemma 3.1.2. [lyemv F — cobcmeennas u3oauposanas UHEAPUAHMHASL NOOSPYNNA 6

epynne G. [looepynna H uz F(H#F) mozoa u moivko mo2oa A6isiemcs HOpMaibHblM Oesiumesiem

6 G, ecnu H— mooynapuwiii snemenm 6 pewemre L(G).

BBezeMm cnenyroiiee onpeeicHue.

ITycth u — amemMeHT pemeTku £ U u<a, rae a — U30JIUPOBAHHBIM MOIYJISIPHBINA 3JIEMEHT JTOM
pemeTky, OTadHbIH oT / (I — MakCUMaNTbHBIN d5ieMeHT pemietku L£). Torma u OyneM Ha3bIBaTh
OT/ICIAMBIM 3JIEMEHTOM pemieTkd L . SICHO, 9TO BCAKUI W30JMPOBAHHBIN MOYJISIPHBIA SIEMEHT

penietku L, He paBHBI /, IBISETCS €€ OTACIUMBIM 3JIEMEHTOM.

Nemma 3.1.3. Ilyemv G — noxanvno nurbnomenmuas epynna 6e3 xpyuenus, H — ee

nooepynna, npuwem J(H)#G. [looepynna H mozdoa u moivko moeda 6yoem HOPMATbHbIM

oenumenem 6 G, ecau H — omoenumviii mooynapmwlii snemenm 6 pewemre L(G).

[JokasaTtenbcTBO. Heo0X01MMOCTh OUEBHIHA.
HdoctaTtouyHocTb. Ilycte H — oraenuMbiii Moy sipHbii snement B £(G). Torma H

COZEPKUTCS B M30JUPOBAHHOM MOIYJIsIpHOM ssteMente F u3 L(G), otmuurom ot G. ITo gemme

3.1.1 F - u3onupoBaHHbIN HOpMabHbIA nenutens B G. [To nemme 3.3.2 u H 6yaet HOpMalbHBIM

neaureiieM B G.
[uknuueckuit smeMeHT u pemeTkd £ OyaeM Ha3biBaTh OECKOHEYHBIM ITHKIHYCCKUM

anemMeHToM, eciau uHTepBan [0,u] — pemerka Oe3 kpydeHus. Uepes ® Oyaem 0003HA4aTh
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cBoiictBo pemerkn £ o0mamaTe MO KpailHeW Mepe BYMs TaKHMH OCCKOHEYHBIMH

LIUKIUYECKUMHU dJIEMEHTAMH U U Uz, 9TO U1 z=0.
B cnenyromieit nemme OyneM cumTath, 4To H — MOATpyNIa HWIBIIOTEHTHOW rpynmbl G 6e3
KpYy4Y€HUs U
E=ZycZ,c...cZ.,cZi=H (1)
- €€ BEPXHUU LIEHTPaJIbHBINA P,
Nemma 3.1.4. Eciu G=<g H> — nunenomenmmnasn epynna 6e3 KpyyeHus (He JOKAIbHO

yuknuueckas) u J(H)=G, mo nodepynna H moz0a u monvko mozoa 0yoem HOPMATbHbIM

Oenumenem 6 pynne G, ko20a Zy.; — omoenumvlii. MOOYIApHbLU dnemenm 6 pewemke L(G) u

unmepean [G,Zy.;] — mooynapuas peuweumka, odoraoarowas ceoticmeom 6.

DokasatenbcTtBo. Heob6xoaumocTb. Ilycte H — HOpMalbHBII JEIUTENb B TPYIIE
G=<g,H> n J(H)=G. Tak kak B HWIBIIOTCHTHOU TpyTIie 0e3 KpydeHus Jirodasi moArpynmna u ee
M30JISITOP UMEIOT OJIMH M TOT K€ KJIacC HWIBIIOTEHTHOCTH, ClIeyeT, uTo J(Z;;)#G. Tloarpynma

Zy.; SIBISIETCS HOPMAJIBHBIM jenuteneM B G, modToMy W J(Zi;) — HOPMAaJbHBIN NETUTENh B

rpynmne G. CrenoBarenbHo, Zy| — ISACKHHIOB 3jeMeHT B £(G), a J(Zi.;) — W30IMpOBaHHBIN
MOAYJISIPHBINA 3JIEMEHT B 9TOU pELIETKE.

Octaniocs mpoBepuTh CBOMCTBO O st untepsana G/Z;. ;.

s atoro paccmorpum dakrop-rpymmny G/Z; ;. Dakrop-rpymmna H/Z;; KOMMyTaTHBHA,
sHauut u J(H)/ J(Z;.;) Takxke abeneBa, a B cuity paBeHcTBa J(H)=G monyyaeM KOMMYTaTHUBHOCTD
G/ J(Zk.1). IToaToMy kOMMyTaHT rpynnsl G conepxurcs B J(Z;.;). Ho

JZy))NH= Ju(Zy.1)) =2y
(JH(Zk-1) — v3onsTOp Z).; B MOATpYyMIIE H), M Tak Kak H TOXe COACPKUT KOMMYTAHT TPYIIIIbI

G, to G/Z.; — abenesa.

Cnenosarensho, £(G/Z.;) — monynsapHas pemerka. Paxkrop-rpynna H/(Z.;) HEe MOXKET
OBITH JIOKAJIBHO IUKIMYECKOW, TaK KaK B MPOTHUBHOM ciiydae psa (1) He Obl1 Obl BEpXHUM
HEHTpalIbHBIM psgoM moarpynmnsl H. Otcioga cnenyert, uto B G/Z;.; CONEPKUTCS MO KpaiHen
Mepe JIBa HE3aBUCHMBIX 3JIEMCHTa OCCKOHEYHOro mopsimka. A 370 o3HadaeT, 4to £L(G/Zy 1)

yAOBIETBOPSET yciaoBuio ®. HeobxonuMocTh TokaszaHa.
JoctaToyHOCTb. Ilycte B HWIBNOTEHTHOH Tpymme G=<g H> 0e3 KpydeHHs, TJe
J(H)=G, noarpynmna Z;_; 00y1afaeT yKa3aHHBIMH B YCIIOBUU cBoWicTBamu. [lokaxem, uro H Oyner

W—HOpMaHBHHM JCINTCIIEM B G.
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HetictButensHO, coraacHo jgemme 3.1.3 Z;; Oyaetr HopMaiabHBIM JenuTeneM B rpymmne G. A
B ciily cBoicTBa ® (akrop-rpynmna G/Z;.; abeneBa. 3HauuT H/Z;.; — HOpMaIbHBIA NEITUTEIh B

G/Zy.;, noaTtomy H — HOpManbHBIH genuTtens B G. Jlemma jgoka3aHa.

3.2. HopmanbHble anemeHTbl B peweTtke W -noarpynn

BBenem ompenenenne. DJIEMEHT u PEMIETKH £ HA30BEM HOPMAIBHBIM B £, €CITU U JIHOO

OTAEIMMBIA MOJIYJISAPHBIA BIIEMEHT B £, MO0 u yIOBIETBOPSET CIEAYIOUIEMY YCIOBHIO: B oL

uMmeeTcs 3NeMeHT b Takol, uto b<u (b=u) u b — OTAETUMBIN MOAYJSPHBIN 2JIEMEHT B Kaxa101

HEeTUCTPUOYTHBHOM pemietke [0,ua], Tae a — MUKINYECKHIA JIEMEHT U3 L, PUYeM KaXIbIi

uHTEpBal [b,ua] — MOgyIApHas pelieTKa, o01aaaronas CBOMcTBOM ©.
Teopewma 3.2.1. [looepynna H nurenomenmnou (m.e. 10kaivHo yuxiuveckou) epynnovl G

be3 KpyueHus moeda u moavko moeda uneapuanmua ¢ G, eciu H — HOpmanbHblil d1eMeHm 8
LG).
HokasaTtenabctBo. HeobxoammocTb. Ilycte H — HopManbHblil genutens B G. Ecnu
J(H)=G, to H o nemme 3.1.3 Gyaer OTAEIMMBIM MOILYJISPHBIM d1eMeHTOM B £(G).
[Ipeanonoxum, uro J(H)=G. PaccMOTpUM HE JIOKAJIBHO IHUKIUYECKHE MOATPYNIBI BUIA
Go=<gH>, rne geG. Toraa no nemme 3.1.4 B H conepKuTcs NOATPYyNIa Zj.; Takas, 4To Zi; —
OTJCTUMBIIl MOIYJSIpHBIH 371eMeHT B L(Gg) 1 uHtepBal [Z;.; ,Ggf — HyXKHasi HAM pelIeTKa.

HoctaTouyHocTb. [lycts H — noarpynna B G Takas, 4To H — HOPMaJbHBIA 3JIEMEHT B

£L(G). Tlokaxem, uro H — HOpMalIbHBIH nenuTensb B G.

Ecnu H — otaenuMblii MOAYIISpHEI oeMeHT B £(G), 1o 110 nemme 3.1.3 H — HOpMaIbHbIH

nenureis B G.

ITycte H He siBISCTCS OTACIMMBIM MOIYJISpHBIM d5eMenToM B L(G). B atom ciyuae B H

HMCECTCA TOATrpYyIIa D, KOTOpas SBJIACTCA OTACIMMBIM MOAYJISAPHBIM 3JICMCHTOM B Ka)KHOﬁ

LGy), Tne Gy — IPON3BOIIbHAS HE JIOKAIBHO [IMKINYECKas MMOArpyINa Buaa <g H>. 3Ha4uT, 10
nemme 3.1.3 D — HopManbHbIi aenutens B G, MpUUYeM 10 ycloBuIo (dakTop-rpynna G/D 6yner
abenesoil. CnenoBatenbHO, H — HOpMaJbHBIA JIEIUTENh B KaXJA0H HE JOKAIBHO HMUKIUYECKOU
noarpymnne G,. Ecim sxe <g,H> — JI0KalnbHO LIMKINYECKas, TO CPa3y SICHO, YTO /1 — HOpMaJIbHBIH

nenurenb B HeW. [loatomy H — nHBapuanTHas noarpymnna B G. Teopema j1oka3aHa.
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DneMeHT u peHICTKU £ HA30BEM JIOKAJILHO HOpMaJIbHBIM B ,,f, €ClIn AJId BCAKOI'O HE

LUKJIMYECKOr0 2JIEMEHTA a U3 £ TaKOro, 4YTO
a=a;Ca,U... Lay,
IJIe BCE d; — IUKIMYCCKHE 3JIEMEHTHI B oL, 1/ a — HOpMaJIbHbIH 351eMeHT B [0,a].

CneactBue 3.2.1. [oarpynmna H J10KaabHO HWIBIIOTEHTHOW Tpymmbl G 03 KpydeHHs

TOTJa ¥ TOJIBKO Oy/IeT MHBapUAHTHOM B G, eciii H — JOKaIbHO HOPMAITBHBIN 371eMeHT B L G).

Hoka3aTtenbcTBo. Heob6xoaMMocTb. Ilycts H — HOpMainbHbIi aenutens B G. BozpMem
B G moOylo HE OHUKIWYECKYI0 MOATPYMITy A ¢ KOHCYHBIM YHUCIOM oO0pasyoomux. A4 —

HWIBIIOTEHTHAsI noArpynmna, N4 B Hell HopMmanbHbl nenutens. [lo teopeme 3.2.1. HNA —
HOPMAJILHBII 2J1EMEHT B £(A).

HocTtaTtoyHOCTb. [Iycth H — 0KaIbHO HOPMaIBHBI d5ieMeHT B L(G). [IpoBepuM, uto H

— HOpMaJTbHBIN fienuTenb B G. Bo3sMeM anemenTsl heH n g eG\H. OHU IOPOKIAIOT MOATPYIITY

A=<g,H>. Tlo ycnoButo HNA — HOpMasbHbIil 37eMeHT B L(A). Tak kak A — HUIBIIOTCHTHAS
noarpynmna, To no teopeme 3.2.1. caenyer, uto H A — HOpManbHBIA Jenutenb B A. OTO
03HAYaEeT, u4TO /1 — HOPMAJBHBIN JEIUTENb B KaXKI0M noArpymme <g,/H>, .. H uHBapuaHTHA U B
rpynne G.

Teopema 3.2.2. [lodepynna H nunivnomenmmuoul (He 10KaIbHO yukaudeckou) epynnel G
be3 kpyueHuss mo2oa u monvko mozaoa oyoem xommymanmom epynnut G, ecau H yooenemeopsem

CNeOVIOWUM Y CIOBUAM:
1) H-— omoenumviii mooynsipHoiii snemenm 6 peutemie L(G);

2) unmepesan G\H — mooynapuas pewemxka, ooaaoarowas ceoticmeom ©;
3) mobas nooepynna F uz G, yoosnemsopsrowas ycnosuam 1) u 2), cooepacum H.
DokasaTtenbcTBO. [lycth H — kommyTaHT rpynnbel G. Torna J(H)#G u ¢dakrop-rpynmna
G/H conepxut He MEHee ABYX HE3aBHCHUMBIX YHCTHIX 3jieMeHTOB. CremoBaTenbHO, H Kak
sneMeHT pemetku £(G) Oyner ymosnerBopsth ycinoBusiv 1) u 2). Ilokaxem, uro H —

MUHUMAJIbHBIN Tako# sneMmeHT. Ecnu moarpynna F u3 G sBASETCS OTAETUMBIM JI€I€KUHIOBBIM

snmeHToM B £(G) v unrepsan G/F — MoxynsipHast penieTka, odjaaaromas cBoucTBoM ©, 1o F 1o

teopeme 3.2.1. ABIseTCS HOPMAJIBHBIM AenuTesieM B G, GakTop-rpyIma 1mo KOTopoMy adereBa.

ITostomy H conepxurcs B F. Teopema nokasasa.
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3.3. PewweTo4yHble n3o0MOppU3MbI CMELLUAHHbIX
HUNbNOTEeHTHbIX W -rpynn

Nemma 3.3.3. Eciu G — uunbnomenmuas epynna, cooepicawjas He MeHee 08YX
HE3A8UCUMBIX IJIEMEHMO08 OeCKOHeUH020 NOPAOKA, MO KAHCObll ee peulemoyHblil U3OMOPPUIM @
ABNAEMCSL HOPMATTLHBIM.

Teneps chopMmyaupyeM OCHOBHYIO TEOpEMY ITOTO maparpada.

Teopma 3.3.1. Ilycmo G — 10KAIbHO HUNIBROMEHMHAS 2PYNNA, COOEPHCAUAsL HE MeHee
08YX He3a8UCUMBIX yucmbvlx dnemenmos u H — ee nooepynna. Eciu N(H) — nopmanuzamop H 6 G,
mo N(H)? — nopmanuzamop H” 6 cpynne G?, m.e.

N(H)? = N(H") (*)

[oka3aTenbcTBO. CHavana npearnoiiokuM, 4To G — HWIBIIOTEHTHAS TPYTINa ¢ KOHCYHBIM
YHUCIIOM 00pa3yIonuX.

Pazbepem B mepByio odepenb ciyudail, korga H — mepuoauyeckas noiarpymma. B stom
ciyyae H — xoneuHas noarpymnmna. Llenrpanuzarop 3(H) moarpymnmet H B G conepxut aBa
HE3aBUCUMBIX YHCTBIX JIEMEHTA: UMEHHO, HEKOTOPBIE CTENIEHU TAKUX K€ JIBYX 3JIEMEHTOB 13 G .
[Tostomy u B N(H) MMEIOTCA IBA HE3aBUCHMBIX YHMCTHIX dj1eMenTa. Torma mo nemme 3.1.1. HY
HOpMabHBIN aenurens B N(H)?.

bynem teneps cunrtath, uto H — Henepuoanueckas noArpymnmna. Ecnu B H conepkarcs iBa
HE3aBMCHMBIX YHUCTBIX DJIEMEHTA, TO ONATH-TaKU 10 jeMMme 3.1.1 H? — HopMalbHBI JenuTeNb B
N(H)?. Tlycts B H cOmep»UTCS TOJNLKO OJWH HE3aBUCHMBIM YMCTHIA d1eMeHT. B nenrpe Zg
rpymnmbl G UMEETCsl YUCTBINA 3JIEMEHT z. Bo3bMeM KakoW-TM00 YUCTHIN 3JIEMEHT /1 U3 TIOATPYIIIHI
H. Ecin <z>N<h>=E, 1o, Tak kak zeN(H), no nemme 3.3.1 cinexyer uaBapuanTHOCTE HY B
N(H)®. Ilycth Teneps <z>N<h>=E. 10 03Hauaer, 4to z" =n* (m u k — >nemenTsI U3 W, npuuem
MOKHO CUMTaTh, yTo k=/). Torna B H umeercs noarpynna /;, paBHas <h">u MpUHAJIEeKAIAs
Zg. ®akrop-rpymma G/H; Henepuoamueckas, a H/H; — ee koHeuHas noarpymma. [loatomy B

G/H; ecTh DIIEMEHT g, =g JH ; OECKOHEYHOro mopsjaKa, MPUHAJICKANMI LIEHTPATH3aTOPy

3(H/H;) MOATPYTIIIBI H/H,. B 3TOM ciydae g1€3(h). JericTBUTENHEHO

g,"%gl =h (E =hH, ), nosromy g1 hg=hh, (h;eH,). CienoBatensHo, g
2

Ihg1=hhkl, M TaK Kak thZg, TO hk ! =e. Dto o3Hauaet, 4yto /=0, T.e. g;€3(h). IIpu >TOM

cilegyeT MMETb B BHIY, 4YTO <g1>m<h>=E. Htak, u B 3TOM cilydae B N(H) HMEIOTCA JBa

HE3aBUCUMBIX YUCTHIX dyieMeHTa. [lpuMensss aemmy 3.3..1, mosnyyum WHBapuaHTHOCTH HY B

N(H)?, 1.e. N(H)? cN(H?).
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C IOMOIIBIO OBPATHOTO CTPYKTYPHOrO M30MOPGH3MA (7' MONYdHM 0OPAaTHOE BKITIOUEHHE.
CrnenoBaTenbHO, MOJTy4aeM PaBeHCTBO ().

Ilycte Tenepsr G — JIOKQIBbHO HWIBIMOTEHTHAsl TpyIa, JaHHAas B ycioBuu. Jlokaxkem
paBeHcTBo (*). I 5TOro BO3bMEM IPOU3BONILHEIE d1eMenThl i'eH? u g'e N(H)?. Jloctatouno
MoKa3aTh, 4TO gr]h 's'eH?. Paccmotpum B G? moarpyniy, NOpoKAEHHYIO dJIeMEHTaMu g', h' u
JIBYMsI HE3aBUCHUMBIMH YUCTHIMHU 3jieMeHTamMu a' u b’ . O6o3HaumMm ee mpoodbpas B G mpu
cTpykTypHOM u3omopdusme ¢ uepes F. Torma F<{g' h', a', b"™>, a F ToXe HUILIOTEHTHAS
NOJATPyNHa C KOHEYHBIM YHCIOM OOpa3ymoIlWX, CcoJAep)Kamias IO KpaifHel Mepe J1Ba
HE3aBHCHUMBIX YUCTBIX 3NeMeHTa. Bo3pmem nonarpynmy F;=FH. Ilo gokazaHHOMy yxke oOpa3

Np(F;) (mopmanuzatop noarpynnsl F; B F) mpu pemerodnoM u3omopdusMe ¢ coBmamaeT C
N o (F,? ). Ho <g>=<g">"' cN(H), 3naunr <g>Nr(F;), a mostomy < g'>C N, (F,7”).

Orcrona cienyer, ato g h'g' eF?NH?. Teopema 10Ka3aHa.
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4. PEWUETOYHBIE N3OMOP®U3MbI HUJTIBIMOTEHTHbLIX KITACCA
2 W -CTENEHHbIX TPYMMN U AIMEBP JN

B nannom naparpaq)e JOKa3bIBACTCA, 4YTO €CIIHU G HUJIBNOTEHTHasA Kiacca 2 W-cremeHHas

rpymma 6e3 KpydeHus HaJ OMHOMHATbHBIM KoubiioM W u LG)= L(G)), tne G; W—creneHHast

rpymnma Haj konbenoMm W, to G u G; nonynuHeHO n3oMop(dHEL. J[oka3aHa Takke aHaJIOrHYHas

Teopema B Kiacce anreop JIu Hax KoJbamu.

4.1. O nonynuHenHbIx nsomopcdunsmax Ha W-cpakrop-rpynnax

[TpenBapuTENbHO TOKAXKEM CIEAYIOUIYIO JIEMMY
Nemma 4.1.1. Ilyemv G u G; Hunbnomenmmuwie kiacca 2 W-cmenennvle 2pynnol HAO
koavyamu W u W; coomeemcmeenno. Ecaiu H u H; usonuposannvie W—uoeanvt 6 G u G, npu
amom
[G,G]<H <Z(G), [G;, G/]<H; <Z(G),
G/H = 17<aH> G,/H, —17<bH>
i=1 i=1
npsamvie paznoxcenus epynn G/H u G/H), u ecau cywecmsyem nonyauneinsii uzomoppuzm ¥
;. H—>H; omnocumenvro uzomopgpusma o : W—W; makou, umo
H/aia;f) = [b;, b, ij=1,.., 1,

mo coomeemcmeue
fayas alrn)=pt*/p*)  prhadyp)

h eH ecmo nonynunetinsiti uzomopusm mexcoy G u G; omHocumenvHo o.
[oka3aTenbCcTBO. 3aMeTuM, MPEXKJIe BCETO, YTO MPOU3BOIBHBIN AIeMEHT g €G MOYKHO

3a1McaTb B BUJC:

g= afla? ...a,lj"h, heH (1)

bonee Toro sTa 3anuch 0JJHO3HAYHA. HeﬁCTBHTeHBHO, €CJIM €1IC

Bigh  gPip?

g§=4;4;

TO TOTJa
k] k2 n ﬁZ ﬂn 0
a,’ay..a h—a ab’..ay"h

Tak xak (a;H) npsimpie MHOXUTENN U G/H Tpynmna 0e3 KpydeHus, uMeeMm, 9to k=4, i=1,...,n

u h=h". YuuteBas 310 HaXOJHUM, YTO COOTBETCTBHUE
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fla1ak akn)=pe I pa) petk)ycp)

€CTb B3aUMOOJHO3HAYHOC COOTBECTCTBUC MCKY SJICMCHTAMU Gu G] .

Hanee, Tak kak G 1 G; HWIBIIOTEHTHBI Kjlacca 2 W-cTeneHHble rPynibl, HAXOIUM

y/(laf’a?...a,]f”h, afiJ)Zl//([aj, ]k”[ag, ]kz’ [an’ai]knli):

b. ]a(k )a(l)

n*~i

— [b],b-]a(kj)a(li)[bz,b~]a(k2)a(l i) [b

_ [b;z(k]) 2R pakidy ), bf‘("')J.

b, b,
Ecmu g; =a;'ay ...a,[;”hl,ro Torza

f(g;)=b*"ps) patalyp, )

CHC}IOB&TGJ’IBHO, nojryyacm

reegr)=slabrat abn-plwl bl )=

k;+1, k +1 k I k k I
fla;" a7 a” )[az ‘a;’..a,"h, al’]x

[a;”..a,]f"h, aéz]..[ "h, a ]hhl

:ba(k1+|2)b05(k2+|2)mb0‘(kn+|n) %
lba(kz)ba(k3) ba(k )l//(h) b“('z)J I_ba(k”)l//(h) ba(ln 1)}//(}2)(//(}1]):

=b7 b by ()b b b